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What is a Sequence!

In mathematics a sequenceis an ordered list, like a set, it contains
members called elements or terms of sequence. Most precisely, a
sequence of real numbersisdefined asafunctionS: N— R,
then for each neN, S(n) or §,, isareal number. The real numbers S;

S \Sa,ei.... Sy, are called terms of sequence. A sequence may be
writtenas {S; S, S5....... Sp} or{S,}.

For example

The nt"term of the sequence {-5n} isS,, = —5n then the sequence
becomes{-5,-10, -15, ........ -5n....... }.

The nt" term of the sequence{S,} isS, = % the sequenceis
2 3

{1,5,2, )
A sequenceisalso given by itsrecursion formulawhere S; = 1and

S, = +/3S,, , then the sequenceis{1,v3,+/3V3, ... ..}.



INFINITE SERIES

A seriesis, roughly speaking , a description of the operation of adding infinitely
many quant|t|&s one after the other to a given starting quantity.

* Anexpression of theform a, + a, + --- +a,, + -+, where each a,, isreal numbers,
in which each term is followed by another term is known asinfinite series of red
numbers. It is denoted byY %>, a, or Y a, ,herea, isnt™term of the series.

o Thesumof nterms of seriesisdenoted by S,, , thus
e Sy, =ag+ay+ta,=Xr_1a,.

SEQUENCE OF PARTIAL SUM

* Suppose}; a, isinfinite series. We define a sequence {S,,} as follows:
° 51 =y,

o S, =aq+a,,

e S3=a;+a,+as,

e S, =a;+a,+az;+:-+a,andsoon

» Thesequence{S,} is called asequence of partial sums of series ). a,,.



CONVERGENCE, DIVERGENCE AND
OSCILLATION OF A SERIES

1. CONVERGENT : A series )’ a, issaid to be convergent if the
sequence {S,,} of partial sums of series convergesto areal number S.
l.e. lim S,, = S, where S isfinite and unique.

n—>00

2. DIVERGENT: A seriesis said to be divergent if the sequence {S,,} of
partial sum divergesto +o or — co.i.e.i.e. lim S,, = oo,
Nn—>00

3. OSCILLATORY: A seriesisoscillatory if sequence {S,,} of partial sum
of seriesoscillates i.e. lim §,, does not tend to unique limit.

n—->0o

For example: consider the series

Ll Ly
1.2 23 34
1 1 1 1
HereSn_1.2+2.3+3.4+m+n(n+1)

=(1-3)+G-3)+G-D++(-5)
S, = (1—#) lim S, = lim (1—%) = (1 - 0) = 1(finite).

n—>0oo n—>0o

Hence the series convergesto 1.



e  Consider the series
Z3n=3+32+33+---

Here S,, = (3" — 1), lim$S,, = lim3™ — 1 = oo,
n—00

n—->oo

Hence the seriesis divergent.

Example: Consider theseries Y (—1)"1.
- Herea,=(-D"1 now S;=a, =1
So=a;+a,=1-1=0,
S3=a;+a,+az;=1-1+1=1, S, =0, S =1...50o0n.

Therefore {S,,} = {1,0,1,0, ...} Which Oscillates between 0 and 1.So the seriesis
oscillatory.

Elementary Properties of series

The alteration of afinite number of terms of a series has no effect on convergence and
divergence.

1. If aseries convergesor has an infinite sums, their sum is unique.

2. Multiplication of the terms of a series by a nonzero constant K doesnot effect the
convergence or divergence of a series.

Kan=kzan
1

n=1

n=



Necessary Condition For Convergence:

Theorem: If a series converges, its general term tends toward zero as n becomes
infinity i.e. if the series }; a,,_converges_, then lim,,_,,a,, = 0. But the converse is not
true.

Proof: let us consider the series )’ a,, ..Consider {S,,} be the sequence of partial sums of
series ), a,, .

S, =a+ta,+--+a,_1+a,
Sh-1=ay+a +-+a,_,+a,1
Sn = Sh-1 = Ay
Since the series ), a, converges, so {S,,} converges
Let limS,, =s thenlimS,_; =s

n—-00 n—-o0o

Therefore lima,, = lim S,, — lim S,,_; =s—5=0
n—>0co

n—->0o n—-o0o

Hence lima,=0

n-oo
Thus the condition for convergence is necessary but not sufficient.
Consider the harmonic series
1 1 1 1
z£= Lo tgt ot
1

: .1
lima, = lim-=0
n n—oo n-oon

But the series ); % isdivergent . (by p-test)

Here a,=



RESULT FOR GEOMETRIC SERIES

The geometric series

Zr”=1+r+r2+r3+--- (r>0)

isconvergent if |r| < 1 and divergentif |r| > 1.
Examples:
1

: 1 1 1 :
° ThesenesZz—n =2+ 5+ + 5 + - Isconvergent.
Here the seriesis G.P. serieswhere common ratior = 1/2 < 1. so the above series converges.

o Theseries) 3" =3+ 32+ 33+ -+ isdivergent, sincer = 3 > 1.

POSITIVE TERM SERIES

An infinite series whose terms are positive or more generally, a non negative series (a series
whose terms are nonnegative) are called positive term series.

Theorem: (A test for a positive series)

A positiveterm series ), a,, is convergent if and only if its sequence {S,,} of partial sum
bounded above.

Equivalently, apositiveterm series ); a,, convergesiff S, <k  VvVn € N.

Remark: Since monotonic sequence either converge or diverge but never oscillate. Therefore
positive term series are either converge or diverge.




Test for Divergence

Theorem: If ) a,isapositive seriessuch that lim a,, # 0, then the }; a,, diverges.

n—-oo

EXAMPLE(L): Test the convergence of series Y%, cos %

Here a, = cos —, Then lim a,, = lim cos— = cos0 = 1 # 0.
2n n—oo n—oo 2n
So by theorem lim a,, # 0 then the seriesis divergent.
n—->00
: - i 1 24 ... n
Example (2): consider theserles\/;+\ﬁ+ + /2(n+1) +
Herea,, = z lima, = lim ;]1/2 = lim ;]1/2
n - 2(n+1) n—-oo n = n—oo L2n(1+1/n) a n—oo L2(1+1/n)

_ 2 + 0
V2

Hence the seriesis divergent.



SOME COMPARISON TEST

e FIRST COMPARISONTEST:

Theorem: let ) a, and ), b,,be two positive term series such that a,,< k b,

(k being a fixed positive number and m afixed positive integer. Then
1. If ) b, convergesimplies ); a,,converges.
2. If Y a,divergesimplies ), b, diverges.

CONVERGENCE OF p-SERIES znip

. o 1 1 1 1
Theseries),,1— =5+, + -+ +-(p>0)

Convergesif (p >1) and divergesif (p < 1).

EXAMPLE consider the series Y e~

er* > x Vx > 0\
e’ > n? vn
1 1 _ 1
o < e <5 vn
e

Since Y- % converges (by p-seriestest here p=2 >1)

Hence by first comparison test 3, e~ is convergent.

vn=m



1
n2logn

EXAMPLE: Consider series Y,

1
n2logn

Since we know that > n—lz vn > 2

Here seriesZ,‘f:l% isconvergentsincep =2 > 1
S0 by first comparison test

2=
n=2p210gn

LIMIT FORMTEST

Theorem Let ) a, and ) b, betwo positiveterm series such that

IS convergent.

a
lim b—" =1 (lisnonzero and finite)
n—->0o n

Then ), a,, and ), b,, conver ges and divergestogether.
i.e. ), b,convergesimplies ), a,, conver ges.

Y. b, divergesimplies ) a,, diverges.

REMARKS:

1. 1f1 =0 orl = o then above test may not hold good.

2. To apply limit test on the series ), a,,, we have to select series )’ b,, called auxillary
series (which is usually p-series) in which the nt" term of b,, behavesas a,,, for
large values of n written as a,,~b,,.



For large values of n we have

1 1
n2+1 n?
1 1 1
Va+Vn+1l Jn+yn 2yn’
We alsotake )’ b,, as
b, = ﬁ where a and b are higher indices of nin denominator and numerator.
For example a,, = ===
\/_ n n
And usually lim =% = 1.
n—0oo Un
» Theseries Zn—p convergesif p > 1 and divergesif p < 1.
EXAMPLES
consider the series > >
1.2.3 2.3.4 3.4.5
The n'™ term of the seriesis
_ 2n—1
tn = nn+1)(n+2)
,_1
an = n

n2(1+2)(1+2)



L et us consider the auxiliary series b, = %

C1\m2
Then an _ 2n-1)n
by, nn+1)(n+2)

a, n(@n-1)
b, (m+1Dn+2)

I a"—l' ( n ) 2n—-1
nowbh, noo\l+n/\n+2
I an_l, 1 2—1\n
nl—mobn_nl—t?o 1+1/n 1+ 2\n

I a, 1 2-0
nsob, \1+0/\1+0
= 2 # 0(finite)

S0 ) a, and ) b, convergesor divergestogether sincethe series ), b,, = n—lz converges
(because p=2>1). Hence ) a,, converges.

Example: Test the convergence of the series Y5, (Vn* + 1 — Vn* — 1)
Sol: Herent" term of the series will be

Vnt+1++Vnt -1
a, =Jn*+1—+n*-1

X
Vnt+1+vnt—1




'+ - -1

2
an = -
vnt+1+vnt -1 {n2m+nzm}

Consider b,, = n—12then

a 2
lim -2 = lim

Jim - n—>°°{\/(1 _,_%) +J(1 _%)}

2
=5 = 1 # 0(finite)

So Y a, and ¥ b, convergesor divergestogether . Sincethe series} b, = n—lz Is convergent. Hence
the given seriesis convergent.

Cauchy’s n'" Root Test:

If Y a, beapositiveterm seriessuch that lim (an)l/" =1l then
n—oo

a Y apisconvergent,ifl<1
b Y ayisdivergent,if [>1
c. Testfailif 1=1.

Example:
Test the convergence of the series

@ T (n\r-1)"
Solution: The nttterm of the series be
an = (nl\n - 1)”



Now by Cauchy’s n'" root test
(an)l\n — (nl\n _ 1)
lim (a,)'\" = lim (n1\"-1) =1-1=0<1

n—>oo n—>oo

Hence by Cauchy’s nt" root test given series is convergent.
Example: Test the convergence of the series
12 N2 5, (43 3
E+§x+(z) X +(E) x° 4+ (x>0)
. n+1 n . .
Solution: Here a,, = (E) x™ (Neglecting the first term)
By Cauchy’s n'"* root test

n+1
lim (a,))\" = lim < )x =x

n—00 n-oo\n+ 2

Hence by Cauchy’s nt" root test Y a,, isconvergent if x<1, Y. a,, isdivergent if

x>1 and test fall if x=1.
n+ 1\"
a, = 1"
n+2

Now when x=1
1+1\n\" e 1
====—%#0
1+ 2\n e? e
So the series ), a,, isdivergent at x=1.
Finally the series converges if x<land divergesif x > 1.

lim a, = lim (

n—->0oo n—>0o



Comparison of Ratio test Or Second Ratio Test:

If ¥ a, and ¥ b,, aretwo seriesof positive terms such that — > bn yn>m

an+1 n+1
Then (i) ). b,, convergesimpliesthat ) a, converges.
(i) ), a,, divergesimpliesthat ) b,, diverges.

D’ Alemberts Ratio Test:

Suppose ), a,, beseriesof positive term such that

Qay

lim
n—oo Ap41

(i) Convergent if [ > 1.
(i) Divergent if 1< 1.

(i) Thetest fail to describethenatureof theseriesif 1 = 1.

= [, then the seriesis

Remarks:

(y  Thistest isapplied when nt" term of the seriesinvolves factorials, product of several factors
or combinations of powers and factorial.

an+1

(i)  Theanother equivaent form of ratio test is lim =1, if ) a, isseries of positiveterm

n—oo Qan
then
a Yy a, convergesif l < 1.
b Y a, dvegesifl > 1.

c. Testfalifl=1.



Qay

(i) If lim

n—oo ap41

= oo, then )} a,, isconvergent.

(v) If lim 2L = 0, then ¥, a,, isconvergent.

n—oco 0ap

Example: Test the convergence of the given series
1 1.2 123 1234

3735735773570
1.2.3.4..n
3.5.7.9..(2n+1)

Solution: Here a,=
1)=2n+1]

[since 3.5.7.9... arein A.P. n'" term is 3+2(n-

a _ 1.2.3.4..n(n+1)
n+17 3579..(2n+1)(2n+3)

. ay - 2n+3 24 3\n
lim = lim = lim = 1
nsod,,qy mnoon+1l nowl+1\n
Therefore by ratio test ), a,, isconvergent.
n
Example: Test the convergence of the series ), ;—n
lution: XM q xH1
Solution: Here a,, = i aday, = D)
. An  _ qiooxtn+l x™ L {1+(1+x)\n} 1 (140) 1 1
Now 111—{20 An+1 Al—{rolo x+n x™1 T p5%  (1+x\n) x  (140) x  x

By Ratiotest ) a,, isconvergentif% >1 i.e. x<land} a, isdivergentif§< 1iex>

1. For x=1 test becomes fail and we have
1

1+n




1 1
Un = Tt choose b, = -

QS

1
, n_ q. _ ..
7{%5 = 751_)7); —(1 1w 1 # 0(finite)

By Comparisontest ), a,, and ) b, areeither both convergent or divergent.
Since auxillary series ). b, = % iIsdivergent so ); a,, isalso divergent.

Hencethe series ), a,, isconvergentif x < 1 and divergentif x > 1.

Raabe’s Test:

Suppose ) a,, be seriesof positiveterm such that

lim {n( o 1)} = I, then the seriesis

n—-oo Ap+1

(i) Convergent if > 1.
(i) Divergent if I<1.
(i)  Thetest fail to describethe natureof the seriesif 1 = 1.

Remarks:
(i)  Raabe’s Test is Stronger than D’ Alemberts Ratio Test.
(i) When Ratio test fail i.e. lim —=

n—oo An41

= | then Rabbe’s test may apply.

@iy If lim {n( - 1)} = +oo thenseries) a, isconvergent.

n—oo an+1

(iv) If lim {n( - 1)} = —oo, thenseries) a, isdivergent.

n—oo an+1



Example: Test the convergence of the series

1+a+ a(C;-'I-1)+a(a+13)'(a+2) 4.
Solution: Here a, = “(a+1)(a+23:--+(a+n—1)
an+1=a(a+1)(a1+1i)1+!---+<a+n)
. Gy ca(a+1)(a+2).(a+n—-1) (n+1)!
lim = lim
n-oodpq  No® n! a(a+1)....(a+n)
. an . n+1 1+ 1\n
lim = lim = lim =
n—00 Ay 41 n-ooqd+n n-oo 1 + a\n

Therefore D’Alembert’s ratio test fail it is not able to describe the nature of series.
Thus we apply Rabbe’s test

_ a, _ n+1 _ n{ 1—-a
lim {n —1|;=lim{n —1)¢;=Ilim{—|———
n—o a,.1 n—o a+n n-oo (N \1+ a\n

. an
lim {n —1);=1-a)
n—ow an+1

So the seriesisconvergentif 1 —a > 1i.e.a< 0anddivegentifl —a<1li.e.a >
Oandtestfalifl—a=1i.e.a=0.

Now if a = 0 then the series contains only first term and therefore the convergent.

Hence finally the seriesis convergent if a < 0 and divergent if a > 0.



Example: Test the convergence of series ), x™(log n)?

Solution: Here a,, = x™(log x)? an1= x"1(log(n + 1))
oo _ o 2(logP _ 1[(log(n+ 1P
Rt Aniq S x"*1(log(n + 1))? Rt x (logn)P

. ay  1[0ogn(@+1\n)]? = 1[(ogn+log(1+1\n)]?
lim = lim — = lim —
Apyp NOOX logn n—oo X logn
n—>0o

1 1 P
a 1|logn+ |\=—5—=+ -
lim —— = lim — [ (n Zn )
n-owd,,; n-o©X logn
ap 1 1 1 P
lim = lim—|1+ —
n-w(,,4 NooX nlogn 2n?logn
a 1 P 1
lim —— = lim—|1— p + — ==
n-w @,y NooX nlogn 2n2logn X

Hence by ratio test the seriesis convergent if % >1 i.e.x <1 anddivergent if
~<1ie.x>1. Testfal whenx=1

For x=1, Applying Rabbe’s test



a
lim{n|———1|{ = limn{1- P + p —-—1
n—oo an.1 n—oo nlogn 2n2logn

-n
= lim p __P . =0<1
n-co M \logn 2nlogn

S0 by Raabe’s test the series divergesif x=1. Hence finally series convergesif x<1 and
divergesif x > 1.

Example: Test the convergence of the series

1+g+p(p+1)+p(p+1)(p+2)+m(P>0)(q>0)

q q(@+1) ql@+D(q+2)
Solution: Neglecting First term

_p@+D(P+2)..(ptn-1) _p(p+D(+2)..(p+n-1)(p+n)
" q(q+1)(g+2)..(q+n-1)’ 1l q(g+1)(q+2)..(q+n—1)(q+n)
. ap . q+n  1+44q\n
lim = lim = lim =

Ro®lnyy  momptn o l+p\n
So D’ Alembert’s test fail Now applying Raabe’s test

. a, . q+n . q—7p
lim<{n —1);=limn —1)=Ilimn =q-—p
n—oo a1 n—oo p +n n—oo p +n

By Raabe’s test the seriesis convergentif g —p > 1i.e.q > 1 + p and divergent if
q—p<1ieq>1+p.Thetestfalifg—p=1ie g=1+np.

.= pp+ D@+ ..p+n—-1)
" p+DP+2)..(pt+tn—D(p+n)




a, = P Letbn=%

(p+n)
Then lim 2 = lim 2= = lim = lim =p>0
n—oo by n—oo p+n n—oo n(1+p\n) n—oo 1+p\n

So by comparison test ) a,, convergesor diverges. Here series ). b,, = Z% divergent.
Hence ) a,, diverges when g=1+p.

Therefore finally the seriesis convergent if g>1+p and divergesif g < 1 + p.

Logarithmic Test:

Suppose ), a,, beseriesof positive term such that

an

lim (n log ) = [, then the seriesis

n—oo
(i) Convergent if [ > 1.

(i) Divergent if 1< 1.

(i) Thetest fail to describethe nature of theseriesif I = 1.

An+1

Remarks:

(i) Logarithmic test applied only when ratio test fails and it involves the exponential ‘e’.

(i) Logarithmic test is alternative form of Raabe’s test.



De Morgans and Bertrand’s Test (D&B Test):

Suppose ), a,, be series of positive term such that

lim [{n( T _ 1) - 1} logn] = [, then the seriesis

n—oo an+1

(i) Convergent if 1> 1.

(i) Divergent if < 1.
Remark:

Thistest is applied only when D’ Alembert’s Ratio test and Raab’s test fail to describe
nature of the series.

Higher(Second) Logarithmic Ratio Test:

OR
Altenative To Bertrand’s Test:

Suppose ), a,, be seriesof positive term such that

lim [{n (log T 1)} logn] = [, then the seriesis

n—oo an+1

(i) Convergent if 1> 1.

(i) Divergent if 1< 1.

Remark:

Thistest applied when Logarithmic test failed.



Ratio Test

Comeparison Test Test For Divergence

Logarithmic Test

D & BTest

Higher Logarithmic Test



Example: Test the convergence of following series

. X 22 2 33 3
(i) 1+E+Zx +3—X + .-

!

@+ (E) + )+

2.4
n,n

Solution: Here a,, = nr: {neglecting First term}
' 014_1)n+1xn+1
e T T D)

. ay . n \"1 _ 1 1
lim = lim (—) —=1lim@A+1\n)""—=—
n-od,,q noo\n+1l/ x noow X ex

By D’Alembert’s Ratio Test the seriesis convergent if e—lx > 1i.e.x < 1\e anddivergent if
— < 1li.e.x > andthetest fail if x=1\e

1
Now when x = -

a,

=e(1+1\n)™
An+1

a,

nlog = nloge — n?log(1 + 1\n)

an+1
=n—n%(1\n—1\2n% + 1\3n3 — ---)

li 1 = i ! 1+ —1<1
oo Ogan+1_nl—>nolo 2 3n ) 2

S0 by logarithmic test, given seriesis divergent if x=1\e

nlog
Ani1

Finally given seriesis convergent if x < % and divergesif x > i



_ [135..2n-1D)]P _[13.5..2n+1D)]P
(). Here a, = [ 2.4.6...21 ] An+1 = [ 2.4.6....21;9+2
a 2n+ 2
lim —— = lim lgl =1
n-oody,; n-ool| 2n+1

So D’ Alembert’s test fail to describe nature of series. Now we applying Logarithmic

test:
. | (1+1\n)
— PO T T \an)

limnlog

an _ 1 1 1 11
o0 T RSP\ T 22 T3 2n 22722 ' 32313

= li i _
LR ey

So by Logarithmic test, the seriesis convergent if 2 > 1 i.e. p > 2 andif £ <
1i.e.p<2 andtestfal at p=2.
Now applying Higher Logarithmic Test

1 3 7 ]_p
2

log— _ 1 =2 1_3 + ! 1

" Ogan+1 - "\2 8n  24n2
lim (n10g—2— — 1 )logn = i 3,7 logm _ 1 <4
fim \ntogg =t Jlogn = lm (=¥ g = )T -

Therefore by Higher Logarithmic Test the seriesis divergent if p=2.
Thusfinally given series convergesif p>2 and divergesif p<=2.

)



Examgle' Test the convergence of the series:

_ 12,32 123252 ,
@z + 22X T ape X T
(i) x+x1+1\2 4o THINZHIN3 o 1H1\2+1\3+1\4
. _1232..(2n-1)?% 4 _12.32..(2n+1)2
Solution: Here a,, = 2242, _(2m)2 An+1 = 242 (2n+2)2

X
2

o ay . 2n+2\"1 1
lim = lim —=—
n-od,,q noo\2n+1) x x
Therefore by D’ Alembert’s Test the given seriesis convergent if % >1iex<1land

divergent if = < 1 i.e.x > 1 and the test fail if x=1

a, 2n +2\°
an+1_1:<2n+1> -1

_ a, _ 4n + 3
’ll_r’rolon (an+1 - 1) - ’ll_r’g"nxm B

Therefore Raabe’s test fail to describe nature of series, now applying DeMorgans and Bertrand
test

Now when x=1

I ) Z1lioen| = tim =1 loen = lim L= 1\n logm_ o
nbo | 1™\ @, g g = etz BT T 2\

Thusby D & B Test given seriesis divergent when x=1. hence finally seriesis convergent if
x<1 and divergent if x>=1.



Cauchy’s Condensation Test:

If f(a) be a positive function of positive integral value of n and f(n) is a monotonically
decreasing function of n vn € N then thetwo infinite series ) f(n) and ), a™f (a™)
converge or diverge together, here abeing a positive integer greater than unity.

OR
If f(n) be a positive monotonically decreasing function of n vn € N, then the two series
f(DH+HQR)HB)+ ........ +f(n) and af(a) + a?f(a?) + a3f(a3) + --- + a™*f(a")

converge or diverge together, here a being a positive integer greater than unity.

Remark:
Thistest generally applied when a,, containslogn.

Theorem:

The auxiliary seriesZ?{’:ln(lo—;lp isconvergent if p > 1 and divergent if p < 1.

)
Proof: Casel ifp <0

1 1
Then P > - forn>2

1
n(logn)P

So by comparison test since), % is divergent so the series ), is also divergent.

Casell If p > 0 the consider
1

fn) = n(logn)?



Here f(n) is positive for all n > 2 and since n(log n)? isincreasing sequence so P

1.e. f(n) 1s decreasing sequence. Hence by Cauchy’s condensation test should apply. By
CCT the series ), f(n) isconvergent or divergent accordingas ) af(a™) is
convergent or divergent.

Now a™f(a™) = a” : L1
a(log a”)p (nlog a)P np (log a)P

Since

1 . n nN ; . i
Tog )P Is constant so the series ), a™f(a™) is converges or dlvergesasznp IS

convergent or divergent.

Since ), n—lp is convergent if p>1 and divergent if p < 1. hence by CCT the given series
Z n(log n)P
Example: test the convergence of the series

is convergent if p>1 and divergesp < 1.

. (log n)?
OB ez

Solution: The nt*term of the series a,, = f(n) = —(log ")

Which ispositivefor n> 2and monotonically decreaSI ng as N increases.

(loga™? _ n?%(log a)?
q2n - an

Now af(a™) = a™

Where abeing a positive integer greater than one .

Consider Y a™f(a™) = Y, a® (locgl a’)” = Y. by (say)



+1)2(1 2
by, = bny1 = (o )an(:ig 9

lim 2 =y M s
o by nownZ(l+ 1\n2)

So by D’ Alemberts Ratio test the series); b, i.e.),a™f(a™) isconvergent.

2
Hence by CCT the series ¥ (loi " s convergent.

Convergence Of Infinite Integrals:

Theinfiniteintegrals f1°° f(x)dx issaid to be convergent (divergent) if

lim fltf(x)dx is finite (or infinite).

t—ooo

Definition:

L et f(x) bereal valued function with domain [1, o) the function f(x) issaid to be
non negativeif f(x) = 0 vx = 1 and f(x) issaid to be monotonically decreasing if

x < yimplies f(x) = f(y) x,y € [1,).
Cauchy’s Integral Test:

If f(X) is nonnegative monotonically decreasing and integrable function such that
f(n)=a,VneN

Then theseries Y, a, isconvergent and theintegral f1°° f(x)dx areeither both
convergent or both divergent.



Example: Test the convergence of the series by using Cauchy’s integral test

o 1
@ Zn=1 nn+1)
(i) X

1
Solution: Here f(x) = x21+x

n (log n)P

For x > 1, f(x) is nonnegative, decreasing and integrable function. Now

t d t1 1 t t
[F—= =——dx = 1(logf) = log— — log2

1 x(x+1) 1x x+1

Therefore lim [,

t—>oo 1x(x 1)

= logl + log2 = log2 (finite)

Hence the integral f is convergent and so by Cauchy’s integral test the given

)
IS also convergent.

SEries 21 n(n+1)

Alternating Series

A series of theforma, — a, +a; —a, + -+ (=1)" " 'a,, + --- wherea,, > 0Vvn € N
is called an alternating series and denoted by

;(—1)"—1%




Leibnitz Test:

An alternating series Yo ;(=1)"*1a, wherea,, > 0vn € N isconvergent if

(i) Apy1 <a, VneN
a) lima, =0
n—>0oo

Example: Test the convergence of the series

, 1,1 1
(1) 1—2—p+3—p—4—p+---(p > 0)
.. log2 log3 log4
0 S =% T T
. _ 1 1
Solution: Here a, = — An+1 = g
————_>0 >0
Un = On+1 = 7p — (n+1)P P
Ap — pyq > 0 Ap > Apyq vn
And lim a, = lim ~ =9 (since p > 0)
n—oo n—oo nP

Hence by Lelbnitz test the given series is convergent.

. __log(n+1)
(i) Herea, = (i 1)? vneN

. .. log(n+1) . . logn
dm an = lim ey = 0 [sncelim =z~ =01

Nexttoshowthata,,1 <a, VneEN



Let f(x) =2 fia) =T g v > el
(Sincex > e'\? & logx > 1\2 © 1 — 2logx < 0)

Which implies that f(x) is decreasing function V x > e®\?
Thusf(n+2) <f(n+1) vneN (n+2>n+1>¢e\?)

log(n+2) log(n+1)
(n+2)2 = (n+1)2 VREN

Thisshowsthat a,,1 <a, VneN
Hence by Leibnitz’s test the given series is convergent.
Absolute convergence:

A series ) a,, is said to be absolutely convergent if the series
Y.la,| is convergent.

Example: Consider aseriesY a,, = 1 — 1\2 + 1\2% — 1\23 + --- whichis
absolutely convergent

SinceYla,| =1+ 1\2 + 1\22 + 1\23 + -

Which is geometric series with common ratio r=1\2<1 then the sexies |a,,| is
convergent. Hence )’ a,, is absolutely convergent.

Note: The given seriesis aso convergent

Zan —1-1\2+1\22 — 1\23 + -

Clearly a1 <a, VneN

. .1
lima, =lim—=0
n—oo n—oo 2"

S0 by Leibnitz’s test the given series is convergent.



Remark: Every absolutely convergent series is always convergent but converse need not
be true.

Example: consider a series

Ya, =1—-1\24+1\3-1\4+ -
Clearly a,;1 <a, Vne€eN

And lim a, = lim 1\n =0

n—-oo n—-0o

So by Leibnitz’s test the given series is convergent.
But Yla,] =1+1\2+1\3 + 1\4 + - = ¥, which is divergent
Hence ), a,, is not absolutely convergent.

Conditional Convergence:
A series ) a,, is said to be conditionally convergent, if

(i) ). a, isconvergent.

(i) ). a, 1S not absolutely convergent.

Example a, =1 —1\2 + 1\3 — 1\4 + --- isconditionally convergent.
Since ), a,, isconvergent, but ):|a, | isnot convergent.



Summery of tests:

Let ustake aseries )] a,, of positiveterm, now to check the convergence of serieswe proceed
asfollows:

1. Frstfind lim a,.

n—oo

If lim a, # 0 then seriesisdivergent.

n—ooo
i. If lim a, = 0then series may or may not be convergent.
n—->co
2. Inthis case we apply comparison test if a,, isagebraic functioninn
First comparison Test Limit for Comparison Test

3. Ifina,, nas an exponent form then Cauchy’s nth root test applied .

4. If abovetest fail and a,, contains the term of logn then Cauchy’s Condensation tesr must
be applied.

5. Next to find the nature of series D’ Alembert’s Ratio Test should be applied.
6. If thistest fails then apply Raabe’s test.

7. Aganif Raabe’s test fails for [=1, then immediately DeMorgan’s and Bertrand test must
be applied.

8 If- i
and after failureif thistest we always use Higher Logarlthmlc T&st




