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Fig. 8-13 Two dimer cover;

n
(b) SEmik. o,

8-6. FOUR-COLOR PROBLEM

So far we have nwnmanﬁm proper coloring of vertices and proper colorip,
of edges. Let us briefly consider the proper coloring of regions in a plan
graph (embedded on a plane or sphere). Just as in coloring of vertices ay
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FOUR-COLOR pRop ey

— planar graph are said to be _

P lh:; r:rf '; Jigcent regions havumtihc same culﬂr??l—ﬁrul:::;:f“r:i if nu_;wu
A ey ive 8 Common edge between them. Notethat one o mare
Y ﬁdpﬂj’n Lommon dn-c; no f Wwo regions adjacent.) The proper colorin
1:r15"":5| js also called map coloring, referring to the fact that in an at!&i

cané ; 1 H
0™ ntries are colored such that countries with commop, boundaries

. ;-n::ﬂ; n different colors.
; iy . i ¥ & # ;
i;"'iz:t again W are not interested in just properly coloring the regions of

h. We are interested in a coloring that uses the minimum numbe
jgvenE This leads us to the Imﬂst famous conjecture in graph theory Thz

rle s that every map (ie., I': planar graph) can be properly cu.!nred
W ur colors: The four-color conjecture, already referred to in Chapter 1,
A : worked on by many famous mathematicians for the past 100 years
hi-‘t‘i has vet heen able to either prove the theorem or come u 1

E'}:m]ant} that requires more than four colors.
i

i That at |east four colors are necessary to properly color a graph is im-
nediate from Fig. 8-14, and that five colors will suffice for any planar graph
ol be showt shortly.

Two remarks may be made here in passing. Paradoxically, for surfaces
et complicated than the plane (or sphere) corresponding theorems have
wen proved. For example, it has been proved that seven colors are necessary
-+ sufficient for properly coloring maps on the surface of a torus.t Second,
thas been proved that all maps containing less than 40 regions can be proper-
iyeolored with four colors. Therefore, if in general the four-color conjecture
s falsz, the counterexample has to be a very complicated and large one.

i

p with a map

Verlex Coloring Versus Region Coloring: From Chapter 5 we kn at

agraph has a dual if and only if it is planar. Therefore, coloring the regions
o4 planar graph G is equivalent to coloring the vertices ol 115 a6 *amd—

|

Color 4

Fig. 8-14 Necessity of four colors.

1 r.;l

||'|. fa . b
" E;'rth“ Heawood map-coloring theorem gives (he exact nun_mbm: of nn]urf ;;qu'f;]d
%9‘ ﬁngt]ablu surface more complicated than that of a sphere. See page 130, .
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vice versa. Thus the four-color conjecture €40 be restated as folloy,, N
. hat every plana

Five-Color Theorem- We Shal.l now show 1 y planar mg, i
properly colored with five colors: _

TueoreM 8-11

The vertices of every properly colored with five Colop

planar graph can be
Proof: The theorem will be proved by induct ion. Since the vertices of alj g,
(self-loop-free, of courset) with 1, 2, 3,4, or 5 vertices can be pruFerhr colore dnig
five colors, let us assume that vertices of every planar graph with 7 — | yep
can be properly colored with five colors, Then, if we prove that any planar

with n vertices will require no mMOre than five colors, We shall have proveg g,

theorem. .

Consider the planar graph O with n vertices. Since G is planar, it must by,

at least one vertex with degree five or less (Problem 5-4). Let this vertex be,
Let G' be a graph (of r — 1 vertices) obtained from G by deleting vertex{j,
pand all edges incident on ). Graph &’ requires no more than five colors, accord
to the induction hypothesis. Suppose that the vertices in G" have been propey
colored, and now we add to it v and all edges incident on . If the degree of v
1, 2,3, or 4, we have no difficulty in assigning a proper color to o
This leaves only the case in which the degree of v is five, and all the five coln
have been used in-coloring the vertices adjacent to v, as shown in Fig. 8-153}
(Mote that Fig. g-15 is part of a planar representation of graph G".)
Suppose that there is 2 path in G’ between vertices @ and ¢ colored altematcl
with colors 1 and 3, as shown in Fig. 8-15(b). Then a similar path between b
d, colored alternately with colors 2 and 4, cannot exist; otherwise, these two pels

Color 1

Fig. 8-15 Reassigning of colors.

tSee “Regularization of a Planar Graph™ in this section,

et
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with five colurg
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petly colored With
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ny planar grapy
| have proved g,

inar, il must haye
is vertex be p,
=ting vorteX v (ie.,
o oolore, according
zve besn properly
the degree of v is
1a 1.
i zl1 the five colors
vo in Fig. B=13(3l.
h ')
colored altormately
ath between b and
zp, these TWO paths
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FOUR-COLOR PROBLEM 189

4s¢ G o be nonplanar. (This is a consequence of the Jurdaq
£ qand 'T: ., section 3-3, also.) |
| ¥ :.-.:rﬂ- 5 il petweet h and d colored alternately with c?-mm 2 and 4,
. §y we cap 1n1grchaltgﬁ colors 2 and 4.”.““ vertices commected
AT ';.:E:E af aliErnuimgﬂmlﬂrs 2 and 4. Th}? lﬂt&l‘thnmah will paing
T H 4 and yet kecp {. PTDFEﬂ}' Cﬂh?rcd. Since vertex o is sull with
t i sh golof jor 2 left over with which 0 paint vertex «.
. 4 that there was 1o path between a and ¢ of vertices painted
m:],_ﬂ-s i and 3, we would have released color 1 or 3 instead of

. of a Planar Graph: Removing every vertex of degree one

qJ_[:I[,]r.‘z::z.l;ﬂ ~ndant edge) from the graph G docs not affect the regions

. ;iﬁ::*"l““ ; ﬂqur does the elimination of every vertex of degree two, by
o 1ph.

rr agntt EF ", cdges in serics (Fig. 5-6), have any effect on the regions of 2
{he T

spA
gl h -

i JET dera typical vertex ¥ of degree four or more in a planar graph.
g cons crtex v by 2 small circle with as many vertices as there were

-  eplace ¥ : - iceL ¢ three
ML [;]m o This results in & number of vertices each of degree
Jjapeds OF

“F:; :Li]g {his transformation on every vertex of degree four or more in
]:.l d

gy zraph & will produce another planar graph H in \f.fhir:h :jr:t}.r vcru:-;
1;;;; duree. When the regions of H !J.:wc: l?aen pmp:rl_g.:,pn}nr 3 iahprfcfhe
-'::r'g of the regions of G can be obtained simply by shrinking each o

= el c original vertex.

;'Sr::clil:ﬁ:ﬁ:;;;t;iﬂn Eli.’ljl‘ be called regularization of a plﬂnarf,;gﬂw[::;
keape Tl converts & planar graph G into a regnlar planar graph i ?‘ :;a
=, Claarly, if H can be colored with four colors, 50 can & Tlmﬁ.,':1 arlmg:-
Arize problems, it is sufficient to confine oneself to (connected) p ;

ik ed
‘aly graphs of degree three. And the four-color conjectufs may be restat

i :*"J'I-‘E,:
]
'
L]
i
(i)
1 Flg. 8-16 Regularization of a graph.
Ve,
i
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190 COLORING, COVERING, AND PARTITIONING CHAP, §

ropetly with four : - |
: ﬁm“. :“” a planar graph G, every vertex is of degree three, its nm.&.m* _w.m,
planar graph in which every region 18 wc_._:ﬁ_.na by three mmmwﬂ that is, G*is
a triangular graph. Thus the four-color conjecture may again be Hmmﬁan as
follows: The chromatic number of every triangular, planar graph is four or

—

less.

i

i
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EfEur
5 2
t fepthrFirst search. I'.hc jrrond m.ThmF”m Lives an algorithm for finding spanning trees by removi
: Ij’ ks . cdges from sHpic SRS This algorithm is ineflicient, because it reguires that .ﬁ'impl-s uir::u?t%
= " e identihied. [nstead of construsting spanning trees by removing edges, spanning troes ean be

il up by suceessively adding edges. Two algorithms based on this pri
N ) We can buld a spanning tree for
EFEEEE: forma reoted tree, and the spanning t

neiple will be presented here,

4 connegled sinple eraph using depth-first search. We will
rea will be the underfying usidirected eraph ol this rooted tres,
aitzarily choose @ verlex of the praph Lh the ool Form a path slarling at this vemex by successively adding
cerices and edges, where cach new edge is incident with (he last vertex in the path and a vertex not already in the
path. Contione sdding '-."EFL]":;L'H =:Iu|:l wilges to this palh as long as possible. If the path enes through alt "."E‘!r;il_'l:!:i of
oz araph, the mec comsisting of this path is 4 spanning tree, However, if the path does not o through all vertices,
muve vertices il edges noust be added. Move back 10 the next w last vertex in the path, and, if possible, forma
new path staming al this vertex passing through vertices that were not alveady visited, [f this cannot be done, move
kack apother vertex in the puthy, that 15, two vertices back in the path, and try again,

Repeal this procecure, bepinning at the last vertex visived, moving hack up the path one vertex at a time,
foeming oew paths that arc as long as possible until no more edaes can be added. Because the graph has a
firite number of edpes and 15 connected, this process ends with the production of a spanming tree. Each vertex
thal ends a path al g stage of the algorittun will be a leaf in the rooted tree, and coch verlex where a path 1
eonstructed starting at this vertex will be an inlemal vertex.

The reader should note the recursive nature of this procedure. Also, note that if the vertices in the wraph are
amleed, the choiees of edges al each staze of the procodure are all determined when wo ul.v.':{:;.q choose the first
verlex in e ordering that is available. However, we will nol always explicitly order the vertices of 4 graph,
 Deplafinst search is also culled backtracking, becoust the algorithm retums to vertices previously vis-
e 10 add paths, Example 3 illustrates backtracking.

Example 3 Use depth-first seavch to find a spanning tree for the graph G shown in Figare &

iral seare + i spanming tree of O gre shown in
J&eE v utenys used v depth-fivst search L le'.'ll.l'l'IEL. u : : o
Extra Solution:  The steps used by de A path is buili by awecessively adding edges inci-

Eramples () Fieure 7, We arbitvarily start with the verek Jo AIVCRE S0 i prodduces aputh £, 8,
,j dent with vertices not already in e path, s long as this 1 PUsEe hivpr ning 4L F containing
:i"r [F'ﬂe el athyy paths could have heen hll'l-ll:l- Mext, bk ek 1o kT There 15 nu 11.%:1“ ;l;u“rgmm s I-'mmj’
[1-' 45 0l alregy visited, So we backteack to . Fonn the priathy f ¢ “,W” l“ILLIIW-hﬂ-,..g u:-I'LIil'lﬂ'.’ free, -
oy bath ‘-":if- o, ’Il“llmn hﬂukLImEk 10 ¢ andd form the path ¢, fr, Thiis produces e 59 B
llﬁn":hﬂ'-‘--‘i selected by depth-first senrch al @ grap! o e
Uity (e L& verlex to an ancestor or descendal ol this ve
TRELSE 3 gk for g proal of this fact.)

dges. All ather edges of the graph

- iy I
aph are alked free s are called back

lex in the Lree. T hesn il

Scanned by CamScanner



r

; : wlie gtéons
satics S 128 S
; e Mathe
Ghs  DUCTE

5

i
Flgure 8 The Tree Edges and Back Edges af
the Depth-First Search in Example 4.

ght the trec edges [ound by depth-first search starting at vertex fhy shiys,.

In Figure § we highli 11 Wi inne i
nack edpes (e, /) and (f. &) are shown with thinner black lines. 1

Example 4
ing them with heavy colared lines. The
w to find o spanning tree of a graph using depth-first search. IID}-,-CH-E;,-, our discussy,
ve nature of depth-first search, To help make the recursive nature of th e gy

say that we cxplore (Tom a veriex when we camy out the steps of
depth-first search beginning when is added to the tree an rill-.:nd ing when we hm'r_.: han:!m'ad-;ud back to for the |
fime. The kev chservation needad to understand the recursive nature of the algorithm is that when we add an e,
connecting a verlex to @ VEriox w, we finish explonng fiom v I'rc'-_f'crrlc We rv:.tum to o complete L}xp]ﬂ!'mg fom

I Alworithm 1 we construct the spanning trec ol a graph & with verlices |, ..., by first selecting the verg,
v, 1o he th_ oot Wi initially set T Lo be the lree with jusl this one vertex. At each step we add a new '.'E:Ttg;-;;:,:,
the tres T together with an cdge from o vertex already in I'to this now vertex and we explore fn_.:nm this nay
vertex, Note that at the completion of the algorithm, T contains no 5[mp]e_ c_m:ul:rs bl..:gausu no cdge is added the
conneels a vertex afready in Lhe tree. Moreover, T remains connected as it 1s buill, (These .lsur.t t‘l.-l.-'I::u uhn.mm
can he casily proved via mathematical induction.) Because G is conneeled, every vertex in (& 15 visited by the

algarithm and is added to the tree (as the reader should verify). Il [ollows that T'is a spanning tree of &,

W have t_‘:{pl.:ti'l:'ll-_‘d Tz

o far has not brought oul the recurs
rithimn clear, we need a litlle terminolegy. W

| ALGoORITHM s Depth-First Search,

| procedure (3167 connected graph with vertices vy 1y v,

| T := rree consisting only of the vertex v,

| vivit(v, )

| procedure visin; venmex of &)

| for each vertex wadjacent 10 and nat yet in 1
| begin

| add vertex w and edege {v. wl 0 7

| ATH T

| end L
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Figureg 4 Graphg,

heing built and adding this vertex ang the correspong
ndh

h _1-: i[ :i-."-‘ . i : e
jso made use of the inequality & = y(,,—

L)

i

g edge if th |

g have & 1)/2 whi e Viertey !

We r?;;th-ﬁﬁ' search can be used as the basis for ﬂgﬂét"ﬁ::]:hhulds : 's not already in the ree.
jtcan be used to find paths and circuits in araph, i a

F'fa and it can be used to find the cut vertices

p :wis of backtracking tﬂchniqurﬂs used to sear 10ns of . 7

e [Gr¥e99). [Mas9), and [CoLeRiSt01] for a discussi computationally difficult problems

-dth-First Search We can also produce a spanning tree of a s

: hme i

- the vertices at level 1 in the spanning tree. Arbitrarily order them Next, for each vertex ar
vel 1, visited in order, add each edge mcident to this vertex to the tree as long as it does not produce a simple
circuit. Arhitrarily order the children of each vertex at level 1. This produces the vertices at level 2 in the tree.
Follow the same procedure until all the vertices in the tree have been added. The procedure ends because
there are only & finite number of edges in the graph. A spanning tree is produced because we have produced
#tre¢ containing every vertex of the graph. An example of breadth-first search is given in Example 5.

Example5  Use breadth-first search to find a spanning tree for the graph shown in Figure 3.

i ; in Figure 10. We
Solut teps of the breadth-first search procedure are shown in Figur
wic o Bl i we add edges incident with all vertices adjacent to
Examples (J choose the vertex e to be the root. Then w _ I
e, so edges from e to b, d, f, and i are added. These four vertices ars

. : ! in the tree. Henee, the edges
ot add the edges from these vertices at level I to adjacent vertices not already in the

¥
[ ]

Fi
BUre10  Breadth.First Search of G-

p—_. |
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from & to g and ¢ are added, as are cilges from « o /i, l'm"'l_u'ri'-'-'_n'; and X, and from (1o k. The new verlic: 2

fr, #, aoand & arve at level 2,0 Mext, add edges from these vertices to adjacent vertices not alrzady in e ?I
- - o plAT

This adds edpes from g to { and from & W . : 1

We describe breadth-first scarch in psendocode as Algorithm 2. In this algorithm, we assume i, —
of the connected graph & are ordered as v, vy,... . ¥, In the algorithm we use the term “process™ 19 df:%r.;—
the procedure of adding new vertices, and corresponding edges, to the tree adjacent to the curren verts
being processed as long as a simple circudt is not produced. :

ALGORITHM 2 Breadth-First Search.

procedure A5 (G connected graph with vertices v vy,000,00,)
¥ = frec consisting only of verlex v,
L ;= cmpty list
put v, in the list L of unprocessed verlices
while L is not empty
begin
remowe the first verlex, », fiom L
for each neighbor wof v .
if wis not in £ and not in 7 then |
becin . |
add w to the end of the list L -
add woand wdge v, wito T : : |
end !

end . _J

_For each vertex in the graph ¥

. _ - -'.]'I'i-l
the tree T. Assuming we b
oy are adjae
e pach edE @
fiolbares

We now analyze the computational complexity of breadth-first search
examine all vertices adjacent to and we add each vertex not yet visited to . | ‘
adjacency lists for the graph available, no computation is required to determune which vertic
to A given vertex. As in the analysis of the depth-first search algorithm, we sce that we examin =
most twice 1o determine whether we should add this edge and its endpoint not already in the e

that the breadth-first search alporithm uses Ofe) or (A1) steps.
5 AT BY h!.lf-“i'llle

Scanned by CamScanner



