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Need of the hour: Plasma-based accelerators. Definition and characteristics of plasma,
collective behavior, plasma oscillations, plasma frequency. Propagation of electromagnetic
waves in plasma, plasma electron quiver velocity, current density, linear dispersion relation,
phase and group velocity, refractive index. Under dense, critically dense and over dense
plasmas. Interaction of plasma with intense laser radiation fields, nonlinear interaction-
relativistic quiver velocity, dispersion, ponderomotive forces.

Note : This powerpoint presentation is followed by notes.



What is PLASMA ?

EACH ADDITION OF
ENERGY CREATES
A CHANGE IN STATE

¥

A TOIQUIDS
SOLIDS

* When gas becomes ionized, its dynamical behaviour is influenced by external
electrical and magnetic fields.

* The separation of charges within the ionized gas, brings in new forces and its
properties become different from those of neutral atoms and molecules.



Sir William Crookes

- Was the first to discover ‘Plasma’
in 1879 1n a Crookes Tube.

e called it ‘radiant matter’




History of the term “PLASMA”

* 19t Century — Jan Evangelista Purkinje (Czech physiologist) —
used the Greek word plasma (meaning “formed” or “molded”) —
the clear fluid that remains after removal of all the corpuscular
material in blood.

* 1922 — Irving Langmuir — proposed that the electrons, 1ons, and
neutrals 1n an 1onized gas could similarly be considered as
corpuscular material entertained in some kind of fluid medium and
called this entraining medium plasma.

* Ever since, plasma scientists have had to explain friends and
acquaintances that they are not studying blood.



Definition of a PLASMA

The word plasma 1s used to describe a wide variety of
macroscopically neutral substances containing many
interacting free electrons and 1onized atoms or molecules,
which exhibit collective behavior due to the long-range
coulomb forces.

» Not all media containing charged particles, however, can be classified as
plasma. For a collection of interacting charged and neutral particles to exhibit
plasma behavior it must satisfy certain conditions, or criteria, for plasma
existence.



Where do we find Plasma ?

¢ All stars, including the Sun, are in Plasma state

¢ The interplanetary medium is in Plasma state

¢ The interstellar, intergalactic medium is in Plasma state.
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Where else do we find Plasma ?

R/

** Everywhere ! In fact, > 99% of the Universe consists of Plasma

’0

»* Our Planet Earth is one of the few places in the Universe where the

other three states of matter dominate over the fourth state : Plasma
** Where do we find plasma near Earth?

» A) Solar wind:

This is plasma from the Sun, travelling
outwards with a speed of 500 km/s.

It gets deflected by the Earth’s magnetic

field.

PLASMA - Dr. Punit Kumar



Plasma near Earth (Contd.)
b) Lightening
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Plasma near Earth (Contd.)
¢) Sprites, Jets, Elves
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Plasma near Earth (Contd.)

d) Auroras
» Auroras, are also called the northern and
southern lights

» They are natural light displays in the sky,
usually observed at night, particularly in
the polar regions (north as well as south).

» In northern latitudes - aurora borealis
(Roman “goddess of dawn” : Aurora, and
the Greek name for “north wind”
Boreas)

» Its southern counterpart - aurora australis
is visible from high southern latitudes in
Antarctica, South America, or Australasia.

Australis is the Latin word for ""South."
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Plasma near Earth (Contd.)

e) Ionization Belts

» The ionosphere is a shell of ionized gas that surrounds the Earth,

stretching from a height of about 50 km to more than 1000 km.

»> At this height, the atmosphere is so thin that the gas ionized by the sun-
light remains ionized (as plasma). These layers (E : Heaviside, F:

Appleton) appear as “Ionization Belts” around the Earth.

» The radio communication around the globe

has been possible mainly due to reflection

g

from these belts.
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Plasma near Earth (contd.)
f) St. EImo’s fire

% St. Elmo's fire is a bright blue or violet
glow, appearing like fire in some
circumstances, from tall, sharply pointed
structures such as lightning rods, ship
masts, church spires and chimneys, and
also on aircraft wing tips.

)

L)

* Although referred to as '"fire", it is in
fact, plasma.

)

* The strong electric field around a pointed
object causes ionization of the air
molecules, producing the plasma glow
visible in low-light conditions.

L)
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Plasma on Earth (Artificial)

» Fluorescent lamp

Mercury Lamps

Sodium vapour lamps
Neon Signs

These are all examples of plasma

based light sources

> “Plasma TV” is based on emission of

light from plasma

» “Plasma Lamp” is another example of

plasma light.
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Plasma Science: Advancing Knowledge in the National Interest (2007), National Research Council,
http://books.nap.edu/openbook.php?record id=11960&page=9
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Laboratory sources of plasma

Arc Discharge (Electrical discharge in gas at high pressure )

W

Examples : Flash in a camera

Glow discharge (Electrical discharge in gases at low pressure )

Crooke's Faraday dark
dark space sprce
|
=)t o (B
T Anode
Cathode | |
iti Te Vac
Cathode Positive pump
9|ow g'ﬂﬂ'

Example : Fluorescent light, Neon lights
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Laboratory sources of plasma (contd.)

» Plasma production by RF discharge (in low pressure gases)

Eleatrode Elactrode
q P LR LN AR LA U R A
Capacitively coupled Inductively coupled

» Ohmic heating plasma [ “Tokamak” plasma |

Ohmic Heating Tokamak

O Typical plasma parameters are : n, ~ 104 em=3, T, ~ 100 eV to keV
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e ——————————————
Plasma production using light (Lasers)

>

>

When laser light is focused on any material, depending on the intensity of the focussed
light, different processes take place.

At very low intensities, the irradiated material (Target) simply gets heated.

As the intensity is increased, once the temperature reaches the melting point of the target

material, melting of the irradiated zone starts.
This intensity regime is used for laser welding.

At higher intensities (typically 105 W/cm?), when the boiling point is crossed, the molten
material evaporates, leading to creation of a hole in the material.

This intensity region is used for drilling applications.

At even higher intensities, when the intensity exceeds 10° W/cm?, the evaporated material
gets ionized, leading to formation of plasma.

Plasma formation by means of focussed laser light is referred to as Laser Produced Plasma.

Target
Laser
Beam

Plasma

~ 22 -3 ~
e P{'AQSMgr—nDr.'PIﬁit K%g(a)rev to 100 keV

Typical plasma parameters are : n
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Nuclear Fusion

» Fusion reactions are much "cleaner" ( i.e. NO radioactive particles of long life are

emitted, unlike in Fission reactions )

» Also, we have an inexhaustible supply of deuterium, as ocean water contains 0.015%

deuterium by weight.

» The thermo-nuclear neutrons carry the energy released as kinetic energy, which is used to

drive a turbine to produce electricity.

» Lawson criterion: For a net energy gain (i.e. energy released > energy used in producing
plasma), the interacting particles (density : n) have to be held close to each other for long

enough time (1) for sufficient fusion reactions to take place.
» Mathematically, Laswson Criterion puts the condition :

nt>10"“cm3-s for D-T reactions at 10 keV temperature

nt>105 cm3-s for D-D reactions at 10 keV temperature

= Confinement is necessary.
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Plasma confinement

» There are three ways a plasma can be confined :

2) Inertial confinement
1) Gravitational confinement

Intense
Energy
Beams \ * f
1_-.'_ - - i_“
— - -
e v
Lawson Criterion ﬂ + \
Graujtﬂtiunﬂl n T3> 10 cm3-s Jrr_ertia]
Confinement Confinement

Magnetic

3) Magnetic confinement Coinfraia

Magnetic

Mucleus Field
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Magnetic Confinement of Plasma

J/

*» The Lorentz force (q vxB ) makes the charged particles go around in a helical path around

the lines of force.

J

¢ This inhibits plasma expansion perpendicular to the magnetic field i.e. Confinement.

30 m dia, 30 m high

International Thermonuclear
Experimental Reactor : ITER

Indian contribution :

. Rs.r 2500 crores in 10 years




Inertial Confinement Fusion

» The heating is within few nanoseconds, so that the heated fuel cannot expand much during that

time : 1.e. It remains confined by its inertia.
As the density is high (solid density), within this time, the Lawson criterion is satisfied.

This mode of fusion is called Inertial Confinement Fusion.

Inward transported B
* thermal energy vl = Laser energy

Atmosphere
fermalion Compression Ignition Buin

» Problem : Needs lasers with megajoule level energy.

» Such laser systems have been built in U.S.A. (National Ignition Facility), and France.
PLASMA - Dr. Punit Kumar
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Properties

Property Gas

Electrical Conductivity

Independently
species

Velocity distribution

Interactions

acting

Very low Air is an excellent
insulator until 1t breaks
down into plasma at electric
field strengths above 30
kilovolts per centimeter.

One All gas particles
behave in a similar way,
influenced by gravity and
by collisions

Maxwellian Collisions
usually lead to a
Maxwellian velocity
distribution

Binary Two-particle

collisions are the rule

PLASMA - Dr. Punit Kumar

Usually very high For
many purposes, the
conductivity of a plasma
may be treated as infinite.

Two or three FElectrons,
ions and neutrons (allowing
phenomena-types of waves
and instabilities)

Often non-Maxwellian
Collisional interactions are
often weak in hot plasmas

Collective  Waves, or
organized motion of plasma



Plasma properties

Type Electron density Temperature
ne (cm—) Te (eV*)
Stars 10F8 2 x 10°
Laser fusion 1025 3 x 10°
Magnetic fusion 1010 103
Laser-produced 18% . 18 18- 107
Discharges 1012 1-10
lonosphere 106 0.1
ISM 1 102

Table 1: Densities and temperatures of various plasma types

*1eV = 11600K



Criteria for the definition of a Plasma

Macroscopic Neutrality :

* In absence of external disturbances a plasma 1s
macroscopically neutral.

* Under equilibrium with no external forces present —
volume of plasma sufficiently large to contain large
number of particles and yet sufficiently small compared
to characteristic lengths for variation of macroscopic
parameters such as density and temperature, the net
resulting charge 1s zero.

PLASMA - Dr. Punit Kumar




Quasi-neutrality: number densities of electrons, ne, and ions,
n;, with charge state Z are locally balanced:

Collective behaviour: long range of Coulomb potential (1/r)
leads to nonlocal influence of disturbances in equilibrium.

Macroscopic fields usually dominate over microscopic
fluctuations, e.g.:

p = e(Zn,- — ne) =% V.E= ;}/:&“U

PLASMA - Dr. Punit Kumar



Debye Shielding :
* Provides a measure of the distance
over which the influence of the electric

field on an individual charged particle 1s

felt by the other charged particles.

g kT
X‘D:( . 2)1/2

n,e

* Debye length

* Physical dimensions of the system should be large

compared to Debye length.
L>> A,

* No. of electrons 1n a Debye sphere to be large
n A, >>1



Debye shielding
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What is the potential ¢(r) of an ion (or positively charged
sphere) immersed in a plasma?



Debye shielding (2): ions vs electrons

For equal ion and electron temperatures (T, = T;), we have:

1 o 1

Emevp_ == zm;v =: Jff,gTE (2)
Therefore,
1/2 1/2
Vi Ma Me 1
i — = s hyd , Z=A=1
Ve (m;) (Amp) 43 iedrogen )

lons are almost stationary on electron timescale!
To a good approximation, we can often write:

where the material (eg gas) number density, ng = Napm/A.



Debye shielding (3)

In thermal equilibrium, the electron density follows a Boltzmann
distribution*:
Ne = niexp(eo/kgTe) (3)

where n; is the ion density and kg is the Boltzmann constant.

From Gauss' law (Poisson’s equation):

| ) e
V2 =L = ——(n— o) (4)
£0 £0



Debye shielding (4)

Combining (4) with (3) in spherical geometry? and
requiring ¢ — 0 at r = oc, get solution:

1 e/

hp = ; 5
7 4?TE[; ' ( )

with

Debye length

[ 2ok T 1/2_ I 1/2 e —1/2
AD_( ezne) = 743 SV p— cm (6)




Debye sphere

An ideal plasma has many particles per Debye sphere:

4

Np = ne?,xfg. 5 1 (7)

= Prerequisite for collective behaviour.

Alternatively, can define plasma parameter:

1
ngh?,

g

Classical plasma theory based on assumption that g < 1, which
also implies dominance of collective effects over collisions
between particles.



Plasma KFrequency :

* By some external means small charge separation 1s
produced

* Oscillations are produced when the disturbance 1s removed
instantaneously

e Result in fast collective oscillations of electrons about

massive 10ns ,

®,, = (

e 0

*Collisions between electrons and neutral particles damp
these oscillations

* For less damping (so that electrons can behave
independently)

Vpe >V,



Plasma Oscillations (1)

V.E =4zme(n,—n)

Poisson’s equation

7 .

—n +V-nv=_0 , ,

ot ¢ ¢ Particle conservation

7 . o - .

—nmv+V- (nemeVV) =-nek Momentum conservation

ot

Linearize n,=ny+ n(r Y ) n.=n,
_~ Assume

V=V,+Vv(r,t) v, =0
E=E, +EF,1) E, =0

‘ V.(EO +E ) =V.E = —4zen Linearized

Poisson’s equation



Plasma Oscillations (2)

Particle conservation
0

g{%-Fﬁ(F,f))_—v [n0+?z’)(\70+$)]
=—n,V-v
‘ %’j:—nov%

Linearized Particle Conservation Equation



Plasma Oscillations (3)

é’é nem§ +V.- (ne m{;ﬁ) = _”eeE Momentum conservation
{
o ~ 2 ~
m ~ (no + 77)(\70 + \7)+ V. ((nwﬁ)z —(n,+n)ekE
[
ov =
mn, — =—ny,ek
Ot

Linearized momentum equation



Derivation of Cold Plasma Oscillations

é’ﬁ = . < ~
E:—I’ZOV'V using mé?_V:_eE
Ot
or
2~ = e ~
% ’; :—nOV-ﬂ =nV-—FE
o't o't m

2
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Plasma oscillations: capacitor model

Zn=n_=n,

Consider electron layer displaced from plasma slab by length o.
This creates two 'capacitor’ plates with surface charge
o = Fengd, resulting in an electric field:

g engd

E = =
£0 €0




Capacitor model (2)

The electron layer is accelerated back towards the slab by this
restoring force according to:

mﬁ——mﬁ——eE— &*1ed
® dt °dt2 £0
Or: )
d<d 5.
F = 3 Lu‘pé = }
where

Electron plasma frequency

2 1/2 1/2
. e HE 4 ne —1
= ~ 5.6 x 10 s . 8
i (Enme) ( cmS) 8)

it




Response time to create Debye sheath

— o m m mm mm — e e e S =

.l.;" -~
20 el e ©®
e ® e®
° E ® &

For a plasma with temperature T, (and thermal velocity
Vie = \/ kg Te/Mme), one can also define a characteristic reponse
time to recover quasi-neutrality:

AD (EDkETE m)UE |

tp~ 22 = : — w3l
a VIE E‘zﬂe kETe wp



External fields: underdense vs. overdense

If the plasma response time is shorter than the period of a

external electromagnetic field (such as a laser), then this
radiation will be shielded out.

<
A A
’/

Figure 1: Underdense, w > wp: Figure 2: Overdense, w < wp:

plasma acts as nonlinear plasma acts like mirror
refractive medium




Plasma creation: field ionization
At the Bohr radius

EE

57 me?

the electric field strength is:

Ea —

a — 53 % 10™° cm.

e
4?598%
~ 51 x10° Vvm~'. (10)

This leads to the atomic intensity:

EQCEE
2
~ 351 % 10'® Wem—2. (11)

A laser intensity of [} > I; will guarantee ionization for any target
material, though in fact this can occur well below this threshold
value (eg: ~ 10'* Wem—2 for hydrogen) via multiphoton effects .

la =




Degree of ionization

 The degree of i1onization - proportion of atoms that
have lost or gained electrons.

* Ionized gas with 1% of 1onization can have the
characteristics of a plasma (1.e., response to magnetic
fields and high electrical conductivity).

* The degree of 1onization, a 1s defined as

o= nf(n; +n,)

n; 1s the number density of 1ons
n, 1s the number density of neutral atoms.



Temperature

* Very high temperatures are usually needed to sustain
ionization, which 1s a defining feature of a plasma.

* The degree of plasma 1onization 1s determined by the
"electron temperature" relative to the 1onization
energy, (and more weakly by the density), in a
relationship called the Saha equation.

At low temperatures, 1ons and electrons tend to
recombine into bound states—atoms, and the plasma
will eventually become a gas.



Thermal vs. non-thermal plasmas

* Thermal plasmas have electrons and the heavy
particles at the same temperature, 1.e., they are in
thermal equilibrium with each other.

* Non-thermal plasmas on the other hand have the 1ons
and neutrals at a much lower temperature (normally
room temperature), whereas electrons are much
"hotter".



Hot and Cold Plasmas

* “Hot" 1f 1t 1s nearly fully 1onized

* “Cold" if only a small fraction (for example 1%) of
the gas molecules are 1onized

* Even 1n a "cold" plasma, the electron temperature 1s
still typically several thousand degrees Celsius.



Magnetization

* Plasma with a magnetic field strong enough to influence the
motion of the charged particles 1s said to be magnetized.

* Particle on average completes at least one gyration around
the magnetic field before making a collision.

* It 1s often the case that the electrons are magnetized while
the 10ons are not.

* Magnetized plasmas are anisotropic, meaning that their
properties in the direction parallel to the magnetic field are
different from those perpendicular to it.



Theoretical description of Plasma
Phenomena

Dynamic behavior — governed by interaction between the plasma
particles and the internal fields produced by the particle themselves
and the externally applied fields.

Interaction of charged particles with e.m. fields 1s governed by
Lorentz force

F=% _ 4(F+ixB
dt

In principle — describe the dynamics of a plasma by solving the
equations of motion for each particle in the plasma under the
combined influence of the externally applied fields and the internal
fields generated by all other plasma particles.

PLASMA - Dr. Punit Kumar



* E. M. fields obey Maxwell’s eqgs.

VE=FL

80
V.B=0
VxE:—a—B

ot

VxB=u(J+¢, %—l;:)

* Plasma charge and current densities
_ 1 3
p P 5V i ql'

1
J, :WZ q.V,



Logical framework of Plasma
Physics

Plasma Dynamics — self-consistent interaction between e.m. fields
and statistically large number of charged particles.

Lorentz equation
(gives x;, v; for each particle from knowledge of E(x,t), B(x,t))

|

Maxwell’s equations

(gives E(x,t), B(x,t) from x;, v;)

PLASMA - Dr. Punit Kumar
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Laser Plasma Interaction

The propagation of laser light through pre-ionized plasma is governed by
the dispersion relation ¢? k* =0* —®,? , where o is laser frequency and Kk is
propagation constant. For studying the interaction process three categories
have been defined:
Underdense : ® > o,
Critically dense: ® =0,
Overdense: ® < o,

The dimension less amplitude 4 (= ek, / mc CO) serves as a parameter which
determines the strength of interaction. Depending on the value of 4, the
laser plasma interaction may be:

Non-relativistic: a, <<1

Mildly relativistic: a, <1

Ultra relativistic: a, >>1



@ Interaction of intense lasers with plasma involves a number of
interesting nonlinear physical phenomenon including self-focusing,
wakefield generation and quasi-static magnetic field generation.

@ Experiments report that quasi-static magnetic fields (both axial and
azimuthal) of the order of MG are generated when intense laser beams
interact with underdense plasma.

@ These fields affect the propagation characteristics of the laser pulses
and hence play vital role in fast ignition schemes of inertial
confinement fusion, charged particle acceleration, harmonic
generation and other nonlinear effects.




Wave Propagation in Plasma :

The approaches are :

(1) First principles, N — body molecular dynamics

(11) Phase-space methods - the Vlasov-Boltzmann equation
(111) Two - fluid equations

(1v) Magnetohydrodynamics (single magnetized fluid)



» Start with the two-fluid equations for a plasma with
Finite temperature (Te > 0)
Collisionless (v, = 0)
and non-relativistic, so that y << c.

* The equations governing the plasma dynamics under these
conditions are

du

ngMmg EznsqS(EJruS xB)-VP,,
on

8tS +V.(ngug)=0,
d(Psng 'S )

=0,
dt

where Pg 1s the thermal pressure of species § and Vs 1s the specific
heat ratio.



* In absence of fields, and assuming strict quasi-neutrality

(n, = Zn; =nm;u, =u; =u), we recover the more familiar Navier-
Stokes equations

ap

X+ V.(pu)=0,
Py (pu)

M wuVyu=Lvp

ot p

By contrast, in the plasma accelerator context we usually deal
with time—scales over which the ions can be assumed to be
motionless, i.e. #; =0, and also unmagnetized plasma, so that the
momentum equation reads

du,

? = —eneE —VPe.

ReMyp



Longitudinal (Langmuir) waves :

* Simplify the dynamical equations by setting u; = 0, restricting the

electron motion to one dimension (x) and taking 9 _ 9 _ .
0y 0z
on, O (neue) _0
ot Ox ’




The above equations has three equations and four unknowns. We need
an expression for the electric field, which can be found from Gauss’s
law with Zn. =n,,

oF e
— (nO - ne)-
8x 80

The above system of equations is nonlinear and, apart from a few
special cases, cannot be solved exactly. A common technique for
analysing waves in plasmas is to linearize the equations, which involves
assuming that the perturbed amplitudes are small compared to the
equilibrium values, i.e.

N, = N +m
U =U]
Pe:PO+])19
E = E



where, 1] <<npand R <<R).

* Substituting these expressions and neglecting all products of
perturbations such as n;0 ;u; andu{0 ,uy,we get a set of linear
equations for the perturbed quantities

—+nyg—=0,

or Y ox

L) N
Ox m Ox

8E1 e

_:__nI,

8x 8()



* The expression for A results from the specific heat ratio y.and from
assuming isothermal back-ground electrons, Py = kgT,n
(ideal gas).

* We can now eliminate £, P, andu to get

2 2
{a——3vt28 C + (D%Jnl = 0,

ot Ox 2

with vtze =kpT,/.m, Finally, we look for plane-wave solutions of the form

A=A, exp {i((gt _ kx)}, so that our derivative operators are transformed

as follows:

0
— —> —ik; i—> [®
Ox ot

* Substitution of above yields the Bohm—Gross dispersion rRelation

c02 = (D% +3k2vte.



Transverse waves :

 Linearize 3 and 4™ Maxwell’s equations and again apply the harmonic
approximation ai S ioto get
t

VXEI = —i(DBl,
V X Bl = _“OJI + iSOMO(DEl,

where the transverse current density 1s given by 4
B
1 k

=

E, X

Jl = —n()eu1

* This time we look for EM plane wave solutions with £, perpendicular
to &k and also assume that the group and phase velocities are large
enough,V,;V, >> V. so that we have a cold plasma with P =5 k,T ~0



* The linearized fluid velocity and corresponding current are then

e

up =———=F,
2
nope
Jy =——E =cF],
iom,

where o 1s the AC electrical conductivity.



* By analogy with dielectric media, in which Ampere’s law 1s
usually written as v/ By = g0, Dy, One can show that

Dl = 808E1,

with

S __

e=1+

eN. S

I0E()

 From above, it follows that

1/2
)
0

®

A\



* For under dense plasma (%, <<n.),
Phase velocity vy =—rc l+—=|>c

. a (,02
Group velocity vy = DO ed1-—2 | <.

* In the opposite case of an overdense plasma , where e > "ic-the
refractive index 1 becomes imaginary and the wave can no
longer propagate.



Nonlinear wave propagation :

* Two assumptions:

(1) the 10ns are nitially singly charged (Z = 1)and are treated as an
immobile (v; = 0), homogeneous background with(ny = Zn;);

(1) thermal motion can be neglected, since the temperature remains
low compared to the typical oscillation energy in the laser field.

* The starting equations are then as follows:

Z—}; +(WWV)P =—e(E+vxB),

V-E=-"(ny—n,),
€0

VxE:—a—B

ot

’VxB= —inev+a—E
€0 ot



* Assume a plane-wave geometry with the transverse electromagnetic
fields given by B, = (0,0,5,) and £ =(0,£,,0)

» Transverse electron momentum is y = edy,, where E, =84, /ér.
This relation expresses conservation of canonical momentum.

« Substituting E=-V¢-64/6r and B=V x4 into Ampere’s equation
yields

2
0’4 _J 0

2
Vx(\VxA
c“Vx(VxA)+ o "




* The current i1s given by J =—en,v.

e Splitting the current into rotational (solenoidal) and irrotational
(longitudinal) parts,

J=J,+J,

J| - lzva‘b:o
2 o

* Applying the coulomb gauge V-4=0 and vy =ed) /Yy

2
0“4 2

Yy 2924 _ _ € n
P, V74, =gy = A,




The nonlinear source term on the right-hand side contains two
important bits of physics : n, =ny+06n, which couples the EM wave
to plasma waves, and y=y/1+P*/n2* which introduces relativistic
effects through the increased electron inertia.

Longitudinal component of the momentum equation

2
e’ 04,

B 2m,y Ox

d
E (Vmevx ) =—eky

Eliminate v, using the x component of Ampere’s law (21):

OF
Oz—inevx+ a2
€0 Ot

The electron density can be determined via Poisson’s equation

_& Ok,
e Ox

n,=n,



The above (closed) set of equations can in principle be solved

numerically for arbitrary pump strengths. For the moment, we
simplify things by linearizing the plasma fluid quantities. Let

2 2 w2 e
[8 + p]Ex— P @Az.

2meV8 ox 7

The driving force on the right hand side is the relativistic
ponderomotive force.



Plasma based electron acceleration

Electrons =
Wakefield

Electrons have been

Laser pulse

Electric fields in
plasmas ~ 1000 times

higher than those

possible in normal
already accelerated to

accelerators
GeV energy using this
technique. =» Compact
Ti-Sapphire laser accelerator
Continuous
energy
spectrum

}" | ' Mono -
v ° AQ =4 mrad energetic
. ' spectrum

- Future compact electron accelerators
CCD will be Laser Plasma based !

PLASMA - Dr. Punit Kumar



Compactness of Laser Plasma Accelerators

Plasma Cavity

| m => 50 MeV Gain
Electric field < 100 MV/m Electric field > 100 GY/m

Imm => 100 MeV



1979 Relativistic plasma waves with Laser pulse

VoLUME 43, NUMBER 4 PHYSICAL REVIEW LETTERS 23 Jury 1972

Laser Electron Accelerator

T. Tajima and J, M. Dawson
Pepariment of Fhysics, Univevsity of Californin, Log Angeles, California 90024
(Respalvad 9 Mareh 1878

An Ietensa elactrnmagnet!t pulse oan erende o waenk of pln.n;rn: aactllations EI]'['QI.‘I_Eh tha
action of the noalinear ponderomotive foree, Electrons trapped in the wake can be ac=
pelerated to high easrgy. Existlng glngs lnsers of power density 100" cm’ shone on plas-
mas of densttics 107" em ! can vield glgnelectronvolts of electron energy per contimetar
of ncceleration distance. This scceleration mechanism is demenstrated through compiter
gimulatien, Applications to accelerators and pulsers are examined.

Such a wake is most effectively generated if the

length of the electromagnetic wave packet is half
the wavelength of the plasma waves in the wake: = LHS'EI wakEﬁ‘Eld

L,s) /iewciw,. (2]

An alternative way of exciting the plasmon is to

inject two laser beams with slightly different
frequencies (with frequency difference Aw=~uw,) => Lﬂﬂﬂf bﬂﬂfWEﬁTE

80 that the beat distance of the packet becomes
2ne/w,. The mechanism for generating the wakes
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Plasma based Particle Accelerators

o

What makes the system potentially useful is the possibility of generating waves of
very high charge separation that travel through the plasma.

When an intense, short, laser pulse is fired into a plasma, a plasma wave can be
launched — the duration of the laser pulse must be approximately equal to the
period of the plasma wave.

As the pulse rises & falls the plasma electron density oscillates..

The force doing this is the “ponderomotive force” working along the direction of
the pulse and results in the generation of a “plasma wave” in the “wake” of the
laser pulse..

This leads to a small area of very strong potential gradient following the laser pulse.
It is this "wakefield" that is used for particle acceleration.



Ponderomotive Acceleration

inside plasma: charge separation, strong accelerating & focussing forces

ponderomotive force ultra-short,

bunch of accelerated electrons excites plasma wave ultra-intense
laser pulse



Plasma Waketield Accelerators

(R
Plasma Wake Field Accelerator(PWFA) l’\ ] \ R
1A
Laser Wake Field Accelerator(LWFA) fﬁ”'l s
j ".I s '.;. I.r 1_;...' A . L,J “n.---.-
Plasma Beat Wave Accelerator(PBWA) f\ f"n

FRWA
0 -0, = 0,

Self Modulated Laser Wake Field Accelerator(SMLWEFA)
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Syllabus
Need of the hour: Plasma-based accelerators. Definition and characteristics of plasma, collective behaviour,

plasma oscillations, plasma frequency. Propagation of electromagnetic waves in plasma, plasma electron quiver
velocity, current density, linear dispersion relation, phase and group velocity, refractive index. Under dense,
critically dense and over dense plasmas. Interaction of plasma with intense laser radiation fields, nonlinear
interaction- relativistic quiver velocity, dispersion, ponderomotive forces.

1 Pl by pos gl definifions
Plismas ang often described as the founh siane of maener, alomgside gaes, Bguids e solids, o detinition
whiett dows linde o iflominaee their maan phvsical aomboees, Tn feer, o plasma can exhiban behasio
clugrecterstie ol all Haree oo the meore Gl sbifes, depemdimes on ks dens i dArd Iwmperature, so owe
obwiopsly need o look Tor other distmgoeshnee featores, A osanple estbook detea of @ plasama 1,
_1 vl e L ..'lr.'\-.' fly el LM LS| ch |Il_.'.| ||.| Ii.\,' e uf l\.'.illﬂ iR |'|:'..- |l:'"_|'- LILim ||| & |='_I_l\. 2T
precise encough, bat the rather fugev-soanding werms of “guasi-neorrality” amd “collectivity” require terher
caplanation. The firat of these, "guasi-newiralitg”, s wctoally just o mathematecal way of saying thal cven
ez b b particbes ek opea phiama consiss oF free clecomns aind iois, their osverall charee densines
cancel cach athes e hifronm, So0f e i wg e, wespeetivebs, e nomber deasines oF electrons amd

wals Wkl Charge slate £

B Chiese oe Jexcsndv oviliane e, 1.
e o~ 7. (1

The second property. ‘collective” behaviour. arises because of the long-range nawre of the |
Coloimb podential, sehiich means thi local disturbances in |_'._||_|'ill'-|' e hgrve i slnmng influence on
memale rezions ol the plasma, T other words, macmoscopie elds osoall v domiemie over shoe=lived
msicrascupEe Nuctmhioars, aml o nel chage mibabinee = o Ao 0wl imemedately give vise 1o an

electrostatic feld according o Cruiss™s T,
vV E= /.

Likeswise, the samie st of charges moving with selocities o amd o will seve s oo coerearr densily

\

| e FE Thes i e imelisees mgzehic fn I-I..'-.'u-':llll;_'lu."|||||1|:|'-'::-'.
\7 X B — ‘I.'”:{.

[0 = these neemmal Iy drive n elecric and magneric fields thas kiroely dewemine the dy namics of the plasama
incloding its response oo estermally wpphied elds theoogh panicle or Liser Beaims—as, for example, in

:||: il O R AMNTR il.'_-u_-_| docterglar 'H.I_'I'.' ]

T that wer have established what plosmias are, s natoral te sk whers we can find them. In fact

ey are rather uhiguirnus: i ehe cosmns, 9% of the visible aniverse—ine luding suars, the inferseeibr



mechiv and jets of material friom varicas astzophysical aldecis—is oo phsma stte. Closer 1o hone,
the deacsphere . estending from aroand S0 ke (equivalenr g 10 Fanh cadiin oo T000 b, provides vital
prodeciion From sclar mdiation w Tife on ertb, Terresrial plasmas can be Tound in fusion devices
dmhines designed o cenbine, gmite and ultimately eatract eneegy Trem deutenum—trntiom fuel ), streel
|I_\|_.'_|'.|IIIL'. sl ||Ei|-1||._| lore s aned I.‘l\'.'!llrlt! (R LTEEELTERS anil I|_|_:I|I||||I|',.: |J|'-.¢"I|.'|':¥-.'=\.. Meecless o SN
plasims play o central role in the topic of the present sehonl, supplving the medium 1o suppoen very large
iruvelling-wave ficld sirociures for the purpose of sccelensting particles v high energies. Tahle | gives 2
bricl overviesw of these varicus plasma tvpes and their properties.

Fabibe 1z Dieesilies aml wemperaimines ol variows phasm oy pes

Type Flevtron density  Temperaiure
ao e ole¥r
Stars ML O
T.aser fusion -'I:_. 3 X !I”I
Migaieric fusica e e
Lase r-produced TR i
Dlischirges [t= [-10
lumosphers tn 0.1
Ingersrallar piseciom 1 L—*

21eV=11600K.

1.1 Pehye shiclding

Dy emiesat fy s o prlasan, guasi-neveraliny Bs o jese ae idead eoquilibeiom state: i i o= thit the plasma
actively tries e achiove By readjusting the logal eharae distribution 10 response 1 a disturbance, Consider
a hvporhericsl expenmem i swhich a positive v chareed Ball s immersed o plasmag see e L Afier
sopmie i, The iows imdbe bal s vicinwy well be repelled and the clecirons will be spircied. lesading oo an
allered wveraze chianze demsiy in this regiom, 10 wiems o thiat wee can caleulice the potential o0 ol this
Pall after such o readjostient has aken place

Fig- B E:‘-\.'h_'l.l.' Hllil.':lji-l:_l |||-|'h.||": il e e 1 o |:'||.r=- 1T

Piest ol all, wie newd o kneew oo Tast the clectimes amd wons sctually move, For cquald jon and
chactron wmperiures 11, = ¥ we have



Therefone, fora hydrogen plasien, where & 4 - |

T . 1/2 . 1/2 1
7. \Um, a Ay, Ty

Tn |:l;|||'|' 1.'.--.'-r|,|:q. e T are anlennis] .u:1|i|'-|'.:|r:|.' i e eliecirom |i||u:-*~.-.':||-.'. T L ul :lpg'ln'-.i-ll'.-.lil'--l. B
alften winle
ri ™~ Do, i3

where oy = Wy Sl is the maerialie o, sasynumber density, with o, being the wsonl mass density and
Moy the Avogadio constant. In thermal equilibrivm, the clecoon density Follows o Boltzmann disinlution
.

a, oo ey T, ()

wheme 11; s the fon densaty, gy s the Baoliemane comstant_ and o =) s the [-nlu'll!.':ﬂ crealed by ehe cxtermal
disturhince. From Gaoss™s b Poisson™s cquation i, we can iy winte

2 14 _ & 3

Vv O= T T ——(ny o). (2)

0 <0

Vo climinate s, and arive af o

Sornow wee can cornbime 5wtk (20 and 8 in o spherical geametry
phsicael Ly e ful solugion
ol — e Al
m l_())
A7 r
This comlition seppuses that o0 -+ dianr wo. The chanmetemsise enpil-scale 5y msale e capoasenial
Pl L I I

factor is nowen s e Defree fenaeelz, amad s piven by

e % L oy 10 1/2
Ay = (—%] =F1_-'..|i:%:| {L'I',n‘“q) cm. (7

The Debve Sength isoa foacimental propeny of seaedy all plasaas o interesn, aond depemds cogually o b

plarsimi’s temperasurs and density. An ifead plasme bas many partreles per Dehve sphere, e

. I'.‘T 2
\ll = ‘”‘,_Ah > ]., lx)
3
which is @ prersguisite s the coffeclive behnviour discussed sarlier, Ap aliermative way of caproessing
thies condition i= v the so-called il passmeier,

19

which isessentially the reciprocal of Ay Classscal plssime thevry s based onothe assamption that g <20 1,
which implics domiminee of eollective effecrs over collisions bopaeen panticles, Thesefome, boelone we

ez dd bp rrccenls walhifes ox arasialh Ll ar sl mas T g
Filg 00 0% Wnii bl geah V0 o Ljiiinm IURIR R LIFY TRRETE A0n e nis

acfim e s mlaceaa ol ti sne haabve oo .
TERTC ORI T FRrasiind Lo nissi s TR TR

pairiacles
1.2 Callisions in plasmias
Where W, < 1L sereening effects are reduced and collisions will dominate the particle dynamics. In

imfermedise regimes, collisinonality s osually measured via the efeciree—done eollision rafe, given by

i Zet ln A

‘ -1 -
Ve = = 10
i 213 47 '-.:l."r.l'lli; iy (1)
L B
Y CE T o T



where &, = kTS, s the electron thermal velocity and In A is o slowly varying term, called the
Coplomb logarithm, which tepically takes @ numerical value of crder TO=200 The numerical cosfBcicm
i eapresaind | may vary beoween different eas depending on the dehnition used, Uker definition is
wurisisient woth e o Bets, [5) and 3] which deline the collision vale accoading o the avengge me
taboen fowan el clectom o b delected by 90 eon nlnple scatenings T el wms, The collision
freguency can alao be wrillen as

P

Zln A

NG,

with In A ~ 9N, /2.

""Ij'

whene w35 the choctron plaso fregueney delined below in Tag. (1),

1.3 Flasma clssifleation

Armed with car definition of plasma idesliny, Ego 085, we con procead womake 2 classification of plasm
s o denstls=tempertore space, This s illusteted for o few esamplesan Fig 2the Saecelerator” plas-
s ol interesd i the present schocd are Teund 1o the moaddie of tis charl, baving Jessiges corresponding
tr raghly atmospheric pressune and femperstunes of o few e 0000 K as o result of field ionizaion: see

Section L5,

Mon-ldeal

1 D’E‘ pladrmas

N

. idwal plasmas

10 10’ 107 10"
Temperature (K)

Electron density (cm™)
=

Fig 23 Foswmnples of plasas vpes i b desay—cmsperare phiin

L4 Plasma oscillations
S fr we have consedenad characteristics, such as density and wemperatore, of @ plasmn o eguilibriom,
W can also ask hos Tast e plasima wall respond 1ooan externael disturbance, which could be die to
slectromagnetic wives (e, @ laser pulseh o pamicle beams, Consider aguasi-nearral plasima S0 in
which an electren Tver s despliced Fronm ats mitl pesation by adisimes S, s llostrated m g 30 Thes
wreales two “capatitos” plates with surfece charee o Lew, a8, resulting inoan electric field

a en.d

E R
- = -

'rl'p_ |,'|.L'|, e |.\,|:.. [N i ;h'l_'.;il;l;||.,'|,| LR [N L :.:'\..l..\,|||,|- |||;,' 'H.l;.-l'l '-_l, L|| S T ng ='|:|-\.\,|_' F i | .,!il"__ [K8]

o d=a et
m.—= m — = b = ,
df ( i



Zn=n,=n,

o F

Fiqe. B Siabor ._';|P.u_'i|--r sl ] ool g cwatilflgtinee elecimon luver

or )
1
A 1
T
where
: L n 1/2
i "-I'u | = . E : .
W E|: | = afi _II'III—‘, g (1)
I . i s —a
.__!II.'_ y LI

i= the efeciman plase fregoeney.
This gquantity can be obtined viz aneiber moute by releming o the Debve <heach problem of
Section L1 and asking how quickly it wonld tobe the plasmi oo adjuse e the inseion of the forcign
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Fip d: Hosponse iime wo fomm o Pcbve <henth

I the plasmia response time s shoer than the pericd of g estemal clectromagnetic ticld tsach as

a Liaserr, them this radiagion sill b sfaede

caer. T imaabe this stifement miore guantitative, consider the

atio
2 o
Wi e, \




Serting this wooanity debines the waselength A, For which s, = o or
Fy=3 3 -
(T L I [ (12

Raduation with wavelength & > A will be reflected. In the pre-saellisedcable ens, this propeny was
arnprlunibed to gesd elfect i the Trensrmission of longeoaawe rsdio sigmals, which atilizes reflection from the
iomospiere B exiend the range of recepiion,

Typical gos jets have P~ D harand s, — 1007 =10 gme 7, and the eritical density for a glass laser
imncf L 10 em L Gas-jer plasmis arc therefore wrderdenie, since /oy o /ne <0 1 in this
wase, coifeenive effecry anc ompociant | LT & 1, liere 7 s =l fensige inberacioon Lo, such
i Ehie dharabem ol i laser |1|I|'|||' or pariicle bizam |'|'I1|.'I'i||j_1 i I_1|i|h.|r|;|_ Fiwr 1'1:;|11|'l|-._', if m = 1) s apd
ft, = W em =3, then Wi — Lo and we will need 10 consider the plisma response on the interaction
time-scale, Generally this is the siation we sceb o exploin in all kinds of plasma applications, incleding
slont-warvelengih vadiation, onlmeer welacnve propertes, geoacaibon of Bigh clecinefmagnene helils
amd, of course, particle socelerion.

(i) ih)
---'“:‘
Lf

T

>

Fip. &= fay Ovendense plasana, with w0 < w0, sheaving nvirror-like bebasiour, (01 Usderdense plasana, with o > o,

whiels Pedives Hke o nembinear refaetve medmm,

1.5 Plasma creation

Masamay are cremed via toniziion, which can ooeur in severad wavs through coblisions of s penicles
willi stowns: thoageh _[lh-:-!-.hi-:'ui.f:lll:ul by e lectroamag et rd s o i clewtrcal revikdowss i shrony
clectne belds, The latter twe are examiples of fiefd forizanian, which s the mechanism most relevant o
the plisma sccelenor contest, Too ol seme idea of when tield ionization cecars, we need 10 know the

Pyl feld streesth requinad to stnp clectroms sway Feomm an aioen. Al the Bohe vadius

I , -1
Ly - VI o= 1T em,
Tl
the electnic field strenzih i
= . - . e
E. A o (LR (13)
I Sy

This threshiold can be expressed s the se-called o inieasin,

i
o 5w Y Woem 2 (1)

="
1

i a

A laser tntensity of T > Towill therefore poarantes fontsation Tor any targel materal, though in Tucl
iomization cun oceur well below this threshold (eg around 107" Wem # Tor hvdrogen) doe 1o g
fear clfects Simulianeows field onization of many goms prodoces o plisma with eleceron demnsity n,. and
temperaiure f, -~ 1-10e¥,



Ly Helativistic threstiofd

Blefoee we discuss wave progaeation i plasis, i 8 wee il po bave soime idea o the arength of the
enbermul helds waed woescite thene To do these we consider the classical eyuation el motion for an

choctrom expoed b hincarly polared Beser feld o g b s ot

de ~—r‘.E1.|
~

— sinet.
i e
Thix ;||||,'|=::|"\-\. |_||;,|,| |_||;' |-|:;|, Irimn & il ;u_'|,||,|i|'|.' i ;,'||'\-|_'i|'..
e P
[ K] _.|_..I' 17 e TS J_.|I| ‘., I:’J
I, (ol

lf.ﬁ]:—:—E—'. . (lf‘l}

I many amicles and hooks oy s referned oooas the guiver” velocity o momenier it can exceed unin,
o e cisse the noercbzed meanentom (e |"n.|'\-|r“i-.:-|l-l v e appeopuiile, smdce the rweal paarticle
velaily s prsl pined e the speed of hebie The laser miemsiiy £ owsd wavelengih Ay are s2ialed W £
and o through

| -_ TR
f = et -r,'l .-l'.| = —
By substinetinge these snoocd 1 one can show thal
ia == LKA F AT (7
where
Ii. A
[o=— A, =
[ Wem™ - m

Frosm this expression it can b seen that we will hove selgivisie elecnen velocitios, o ay ~ 1, tor

mlemsies § ™ W em wrveben s 5 qim,

2 Vigwe propazation in plasmas

The theary of wave propagation is an imperiant subject inivs own right, wnd bas inspined o visi body of
Bterture amd a number of texthbooks [ 508) There are o creat many paoesible wavs in which plasmas
il SR WYL, |,||.'|r|,'|:-:§i|'-;: o e Bl comddvons, e AR TR S ol estermal elecine amd mzemdie
feld s, and sooon, Here we sall concemtiate vit bwe mman wave Torms: longitudmal escallazions of the
Kimd we hive encounersd already, and eleciromuganetic waves. Tooderive and analvse wave phenomena,
ihers e severnil |u|~.~.r||!|_' Hervrerlictl _|E"J'-r||.1,|:_'l'|.,"-._ with ke '-.:_n:_;ll'\-llil:-. al euch .J;'Furnu,l-n:__' i e I._'n;__':'l-
il rme=scales o anteresi, whoeh m hlf"-.-l::l-.'-l:-.' |'l|i!‘\.I'I.I'\ can mnge brea nanieneines boonetres and Fronn
Femntesecands o seconds, These approaches are
() first=pranciples 5By maolecubion Synmmics,
(i) phie-spare mcihogds—be Y asov=Hol Lenmamy cyuabie;
(D two-foid equations:

(v) msagnetobydecdy memics (single magnenized Toid).

The first b= ruthier costly amd limied woomech smaller regions of pleama thas aeally needed o deseribe
thi commion Pepees eof wave Indecd, the somber oF pamicles aeeded for firess-ponciples modelling of

a okammk wold e owrouend 10272 o Lser-heated eos meguires 10X particles, <@l way oug of neswh of
£ | I !



gven the most powerlul compoters available. Clearly o more tractable moedel s needed, and in fact
many plasma phenomena can be analyssd by assuming that each churged particle component of densily
e and vefogity 1. behaves in o Quid-like munrer, inleracting with olher species |- via the elecinic and
maznetic helds: this s the ides behind approach Qi The vigoreas wigy ko denve the governing eouatian
it this approsimation is via coene tbeory, staring Troem method i) 2050 which B bevond the scope
af this paper, Finallv, slow wave phenomena on mors macroscopic, ion ime-scales can b handled with
;|j||1|||:|-..'|'| i 2.

For the prresent purprecs, we Sercfone st frem the two-Auid cowaiens Tor o plasas with finie
termperatume 0 F s U that s sl o b cellsionless e, = 0 esd noneselnivisne, so that the Auid

veloities are sich that w0 o Thae eguaions governing the phsag dynsmies ender these cornbiliens e

L :
_._JI. LU () = 0, (18)
ol
du, .
-n.J.l:_T el B —u, « B} — VP, (19)
i
| :
— [, =10, (20)
i
where 1) is the thenmal pressame of specses = amd = the specilic Teat vatioo o {24 8 )8 soah A the

nuber of degress ol freedon.

Tl eosntisiiny copuatien |81 telbs os thar G the abseros of waizeion or recom b 1 ihe mem-
ber ol parlicles of sacl species s comserved. Nobimg that the charge and corrent densities can be writlen
45y = et and Jo = yerion,, respectively, Eq. (181 can be newritien as

4');1_*

— +V-J. =1 (210
i

which ex presses Hhe conservation of clmrge.

Caguation (89 poverns the wmetion of o fuid clement of species = in e presence of clectric and
maznelic belds E and B In the absence of nelds, and assomamg stricl guas-neotrality (o, Zn;
70 0. = 15 = uh,owe recover the mone Bemiliar Mavier-Snoates cguistions

i),u.l
o T (o) = 1.
(22)
Ju 1_
— < (n-Vin=-V7"r
af

H:., Lnbisl, It |:|I|_' ;":1;,;-\.|||_| =i |_'\-q,'.||_'l'_|l_||r' W] ks |.'\-\.|_|;,lT|_l. |_=|_';_l.| [ i|1 |i|!'||'-'\--\,,';|_||,,"\-\. LT '.l..'li|_'| :|||_' i|I||'\-\. i Frie
assuimead o be moticitless, e, w1 wnd also vamagnetsed plasimas, so that e momenium egualion
reads

ilf" cen, BV (23)

o

Mute tht B cin inelude both estermal and iotermal feld components Dvia chanee sepantion),

2.1 Longitudinal i Langmmiry wiaves
A characteristic propeny of plasmcs iy theie ability o meesfer momeniom and energy via collecive
modieen Db ol ehie sl amperbiml cxgimpfe s of s s the ascil s of cleciroms sginmst a sialonisy on

backeround, or Lemegmiodr venves, Bewwrmimg o ghe dweo-tluid model, s can simeplily | B 200 by setling

w; = W, restricting the eleeron maolion o one dimension (e and mking == = 2 =&
|'.|.'., ”
I — [ iy :' —S Al

Vi il
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LY (AL m m i

The system (243 has three squations and four usknowns, To elose it we peed an expression for the
ehectric leld, which, stimce T3 4 can be foond from Gauesss B (Podsson’s cqguatinny with # o, riips

S

) _:I'.|_n.). {25)
iy i

Tiue syl il AT TR A=A o nonlimean gl gt e o feee '-.|u'1'i:|| rrseem, o e solvinld ex-
:||.I|_'.-. A Coaminoik lL"'i.'EIIliI.|II-A'.' i .Jlln.ll:\l-"\.ill'r' wilvis il |'r'|:|-1.lll..|~\. i= b A e the l.'|||.|uli-:1ll-1.. which involves
aasuming thad the penucbed amplitedes are smiell compared o the cquilibriom values, ie.

e = Tig + Ny,

rf‘::H.l/.
)|_I:l!:J | Ph
L=1rI,

wheere 5y <€ m amd 7 <0 B Upon subsginating these expressions fma (240005 and neglecting all
prowdisers of perucbsions suchoas ogdhery and o i, we geta el of hinear egquastions Tor the pertarbed
BTN TS

iy fiy
e Ty —— il
Al R
it . af )t A
iy — "I—'|'|..II'.: _l — (20)
ot m —

s V
iy =n it

!’l = .:h'.'-;-.r_ ni.

The eapressivm T Ty resulis Gron the specilie e e A e assuming dsotberneal Back-

aroand clectrons, Fyo= by T Gideal gas ) see Kioer™s book [51. We can now climinaie E,. Py and o
trom £ b et

( < ¥ Y. 4 b (27)

—— Al — bowt | oy ih 2

ik ! - !

willy i Ly 10 ey, anad 4 pIven ||} 11 as beliee, Fonally, we loask v |1|-|r|r'-u.'|'\-.|' sl il iewnns 4l Thie

i A L] ifuat — &t ], w0 thal oar dervitive operitors e transformed os Golliws: £ — b0 and
i ) | X

]
it

2~ 1k, Substitution ite (27) vields the Bohm—Cinoss dispersion relation
F a ] y
=L, b R (2=)
This s cthees dispaorsion relitaoss are often depieted goagphieally one char soch as it in Frg 6, which
gives an awerview of which prepagation modes ane permitied for Lo e high-wosslensth limis

2.2 Transverse waves

T deseribe porvverse electmomagaetic (EM waves, we negd vwo additional Maswell's eguastions, Fani-
dlay's livw gt Ampire’s law, which we will introduce properly Ldter; see Bgs. (381 and (391, For the
plcanas Bafame In Zn halalicl ma oloacldilf: shlame fnis saccalolam paa il meea wasedon e maalinle off conall neoasalle:da
iimie DaseiiEg. il s Nelpal W osanpidy g I miaking ds ol o piovious disiysis o sinicil-ingslitiide

. o . ] 5
longituddinal waves, Therefore, we lincarise and again apply the barmonic approsimation 55w to gel

UxE = B/’ (29)



Fie. e

Schemaiic ilusimiiony ol dispessson relations for Langsnin, cleciomagenetic and bsnacouslic waves

T . H R |l.|-T T |'|.||l'rl;

(30)
rapsyerse currend density is given by

L I"'i.' [ ||"n.'

J = —mgen,. (31)
Thes tirme we losk for pure EM plane-wave solutions with By L & fsee Fre, 70 amd also assne ihal
and phase velocitios are Lirge enough, o0, 20 0

i b T B T

ihe oroup

g thist we have a codd plasmia with

Fi, 7: Geomerry for clectromagnecic plane wase analysis

Tl'r_ |i'|-_';|_|'i.l'|_',_! |'|.;|_|||||| |'|-_|i-_' l.|'|:l-\,_'i|'. ..||I|_| -;_'I'Il'l_'l-\.ll.ll'l;_lil'll_- CLiFTI e ||'||'|I

e
1 = —- E,.
T,
(32
Fiaf o .
o - k. rhiy.

[ LR
wheri o s the AC elecirieal comaeetovaty, By analogy with diclectae media tsaee, eoe, Rel F7)0, i which
Aumiperes baw 15 msuslly written as %V o= By = et [, by subsiitating 325 inte 4390 one can shiow hat

with

. (31
e 32000 Foflows mmedionely that s

- , (34)



with

W= L;': el (35)
The above expression Can also be found directly by chmimien of Ty and By from Bgs. (283 (320
Fram the dispersion relution {35, also depicted 0 Pizo G g pumber of important feaures of LM wave

prapagation in plusmas can be dedeocd. For sorderdense plasmas (o, <5 0,00,

L ! . )
pluse veloeity o, = — = ( el

h |, -
s i I ...';'I
AN R RTICIR o i CC ] R Yy = —— T gt .
aroug =l (s ak s 7 < C
lin thec nj-.|:|-_u...i||_- Canet ol dn cverdenise |'||;|~.||'|_|_ where i i, the refraciive index o Becoines -:|||:|;_'iu.||_'.

and ihe wove can no longer propazare, becoming evanescent instead. with a decay lensih dewermined by

b el s aple sy enr .I'.-'III|I|'.| "‘II'.' e | e, =

Fiedd intansisy

Jli.:.- B Pl I|'l.._|':|:'|il. lielals e '\-\..l.lil'._l' Fresm reflection of zin ill'.'“l!li‘“i..' WYL '|'|_| oo ‘II.I'-|||.I Aals

2.3 Somlinear wave propagation

B0 G we have considered purely Tomgitudinal or trasverse waves) limeaiising the wive equations en-
sires Lt any norlineasities or coupling belwaen these tac modes s excluded, While this is a reason-
bl wppres iration for Jowe-amglitedes wives, iU is inadegeine for decsonibang sironghy driven waves
e relagrvistic vegime of melerest on plasma accelerator schemes, The starting poinl ol most inal vses
of nenlinesr wisse propaation phemomems s the Lorepte squation of motion for e electrons in g cokd
. — i unmagnetized plosma. mocther with Mavwell's cquations [3,6]. We muke two further assump-
tioms: (0] thas thee ons are mitaelly singly charged {2 Fi and arne treaned as an immaobibe 1 1y,
honmogeneous Backgnand with vy = Zesdnd that thermal maotion cam b neglected, sinee the empera-
osaallagiom coeney v the laer field e 35 e The staming

wcquations (o 51 amins ) we then as Sollow

P vemains low com pased o the tepie

;"-:'p . -
- +lv Vip= ¢E+vxDB) (36)

VB = —(ny—n.), (37)
iVB

e rf

UXxE=



NoB =1, (40

where p = v v and 3 = {14 pf fmle V2
T simplity roarpers, woe firsr assame o plane-wave geomery like thar in Figs 7, with the cransverse
vhectromagmetic fields given by By o= (o0 By i and By i L Fronn B 36, e transverse
clectim momensm is 1hen simply
By = oAy, (41)

where Fy = @y /it This relation expresses conscrvation of canonical momentum.  Substinsting
E_ —-Vo—aAldand B =% < A inio Ampere’s eguation (349 vields
. [ _ﬁ_ .] ;);I-’J
N E Ve A —— = __VTI’
é

VS o
where the current is given by cevs Mo we use bt of vwectosial wiardey, spliing the correm
it retaticmid Csedencedaly and Srratarionad ongirodinaly pars,

J=J0 - J =V I+ Vi,

Fro whiich wee cin dedoce (see Tckson™s Boaok [7]) thar

1 .i)('] B
J” — :VW = [

Fivally, by applving the Coulomb souae ¥« A oand o ¢, 7 from 1410w ohtiin

FA, en _
W — i ": 'II, — '”“J_"-’ — *ﬁfly. [12)

prarLantl baps of plyvsics: i, S

Thee nomlimcar soures o o the rigbil-laoed side cosifanns twio i

wlisch comples e BM o wopee o plasim waves, and - § |+ l_"':"’, wingh o iniroduces relatmvistic
cilects through the incregsed eleciron inenin. Taking the {eapindinal companent of 1he momeniam
cuialian L0 gives

| . A A

—{ i | ek e

ir Qi vl

W can elimimate s ousing the o compoment of Aoy Lo 134

Aond the clectmom density can b depermined vig Podsson’s cquaion (375

=iy ':'j.l.-
N = 1l —

[

The obotve (elosed) set ol Eguatinns can in |::rir|..._'i|'|!-:_' b =l wisd mml._-l'in;.l'l'l:«. for arhitrary pamp
strenoths, Fos the moment, we simplify things by lincanzing the plaoseia doid guantinies. Let

e XAy + T 000

Ve =Up+te
and neglect prodests of perorbations such as a0, This leads o

( = T : .I | |I - “I_I— 1". [41)
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Fg. % Waketield excizution by o sk pullae laser propagacing in the positive e direciion in ehe linear rezime (et

and avat g wegame tnghil,

#

The driving term on the right-hand side is the redarivistic porderomorive fonce, with w — (1) w2 /2)!
Ssoaarne sl pilianes ol I:|,| 1340 e shewwer i | g, SE,Fesr Lo g I1|_|:I| mlensily lasier |1|_|I~.|,"~ The |1|'-'\-|‘-.'|']i|,-x
af the wakes swill be discissed in deml i other Teetiges but we cam alieady see some abw s guialitarive
differemees between the linear and nonlinear wave formes: the laner are pepical v characienized by a spoboed
dignaity prohile, o swwloath elecine feld, and a loseer wave lenath.

'|-|I|_' |'.||||":E|_'-_| :|||i.! Ciji i s :-1:'_] .||!-\.'F I-;_;I s I|||_'i| i |||_'\. It |I.|i|il.'.:|'|.|||| TS ] |;'-|"H.|.|'i|'\|' a wide

ol inbwe Later leciures

i—nlgeing im

ol this sehoeasl, inchuwding phesana wake genesaron, hlosweomn regime Liser sel5 foeusing and channaing.

wenl phasiomena, s o which wne

pararmedric instiubilities, aml kummenic penemion, Plasmasaccetended pardicle besms, on the eoiher hanl
ciniol be preated wsing Tuid theery amd requice @omaone sophisticated Kinetic approach., usoally assisted

vy mnneriend et sedved wiii e and of poserfol sepereompue s
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Appendices

A Useful comstzeds aoad Foemm e

Table A0 Commenly sl phesical consuins

Name Svimlal Value (8T) Value (cgs)
Haoleemamm constant o 135 x 0= JE! 1.3% x (0™ o k!
Elecuon charge e 1x (" 45w 10 ™ shicoul
Flectron miss m, 9.1 x 10 ke 91 x 10 p
Proton mass ny, AT 2 105 kg LT = g
Pk conislant h Gk = [ I Gt = L =Y Ty
Speed of ligh c B M me ! Ao Y es !
Imelectrie constan o MR x 0 ! —
Permeabiliny consian M darx 1 —
Protondelectron mass rdio vy So, 1836 1836
Termpensiune = &V LR 116 K (NI
Avcogadrn b M 6.02 x 10 mol—! e 103 ol 1
Abmosphenic pressun: 1 armi 1.0 = 10 e LA = 1Y dyne em ™2
Tabbe AZ: Formlae in S and cgs vnis
Name Svmbal Formulu (S1) Formulu (o)
f-‘...l...'i ~|' : [ ksl |
Soebsus |y A " m - <im
[k ¥ I I'Ilrlll A\l e | , Aretn, )
. . ) E Ix 4
Particles in Dhebee sphere Vi M =
"I". - i :.-'I'\.II )
Plasimiag Mg ueay Cedecgioms W | I:I 4 [ S B
- LI [ Fily i
; i
, , £ 22 Fm ety
Plasima Frecpeency {ions Wi | —L1 ! | =
ST Loy !
_ LU : AL
Themmel velocins Ve = WpeAD I: ms i UL
. ., T i Lm )
Eleetrm pyrolmeguemey LWe et i, v ! it s
A E | i .
. e ';' I!' 51 AT T et in
|.||_.\,|.-:|-. k=100 |_||I||-|.||-I -""'-I'-"'""-'}' Vei -__Ii __.: i i __|I“.__:| —— I
T It
b
N 9N,
f'l:-_|i|'|||='“ |.|il:.||i||||'.| ]Tl \ L _.;_:_ hl )




Tuhle A% Useful formulae, with T, dooeV, e, and g oo™, zmd waelengt &y o pom

Flasnua Frevuency Wi = 0 2 T
Crigicyl |]:'|I-\.i:_l. fi,, = "l”i’i,\;i cmo ;
[3ebye lencth Ap = T80, en
Skin depth fo=efan = LG 1 10, cim
. o S =2 . ey —1
Flecieon—inn collision |:’1_'-_||-\.,'|le Ve =24 X 10 I"'|I' ndos
, —R e ""-'.-"ul I o -1
lssib—ianiy g4l i l'|'|,'|,|||:_'l‘|l_‘}-' vip = s 1) I. -”._.- Mid) nA s
g /2

P | IAY }
Ohiiveer el tade il L5, CETYp——"
Juiver amplitsde — L 1T = IP* Wem— 2 pm? /

- Y 1 ...I o
H."L_li'\. i'\-r_.: fii I|-|-||I:|=' I|'.|'|."~||'||'\-||_| 1 Li I,. ;- ) LW




