(4)
Unit - | 4/7%
FleeF - 1

2. (a) Prove that the set of all positive rational

numbers, under the composition ' de-
. ab e
fined by a*bz? form an infinite abe-

lian group.

emece kedeepeS eked Oeveeloeked heej celie meK UseDee kede mecelU,

ab .. . " \
a*b=? Eeje heejYeeecele meeedlee wcr kel mechedie

Skea Devevle eiceedeeveUece mecen kede eveecele kedjlee n~

(b) If H and K are two subgroups of a group

G, then prove that HK is a subgroup of G
if and only if HK = KH.
Useo H leLee K mecen G ked oe Ghemecen ne lee oMeeFUe
thed HK, G lede Sked Ghemecen neice Useo Deej kedleus Useo
HK = KH ne~

3. (a) Prove that the order of each subgroup of
a finite group is a divisor of the order of
the group. Also, show that its converse
is not true.
emeae keeepeS eked Sked heejecele mecen ked felUsked Ghemecen
lede KeleeS Gmelede KedeeS lede Yeepeked nelee n~
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Note : Answer Question No. 1 and four more
questions, selecting one question from
each Unit.
leMve me.1 ke Goej oeepeS lelee felUsked FhedeF me Sked
feMve Uevele nS, Ueej Devle feMves keh Goej ogepeS~

1. Attempt all parts : 10/20

meYee Yeeie nue kedeepeS :
(a) Let a,b,c,dl Z and n be a fixed positive
integer. If a° b (mod n) and c° d(mod n),

then show that :

P.T.O.



(b)

(©)

(d)

(e)
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(2)
Ceeve UeeepeS ded a, b, ¢, o zz leLee n Sled evellele Oeveelceled
heCedléd n~ 20 a° b (mod n) lel&co d(mod n)
ne lee oMeeFUe ked
(i) a+c°b+d (modn)
(i) ac° bd (mod n).
Let (G, *) be a group. Then prove that :
ceeve UeeepeS (G, =) Sked mecen n~ lee emeae kedeepele
eled
(a=b)y* =b*xa’" a bl G
Define the order of an element of a group.
Find the order of each element of a mul-
tiplicative group {1,w,w2}. Is this group
cyclic?
mecen ked DedeUele hede kedeeS kede e Yeeces ieeCele
mecen {1, w,w?} ked felUsked DedeUele kee kedeeS Uele
fedeepeS~ kelee Uen mecen UseieUe n?
Find the remainder when 9'°7 is divided

by 11, using Fermat's theorem.

fijose (Fermat) kede Jecele kede feUeeie kedjle nUe Dedebece

9107 \eie 11 me Yeeie coles peeles n~

eele kedeepeS peye
Find the inverse of the permutation :
evecve sedcelUe kede feeleusece Yeele hedeepeS :

al 2 3 4¢

€1 3 4 2

Q)

(9)

(h)

a
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3)
Define external direct product of two
groups.
0t mecene ked yeeGeeo ieCeve kede hee Yeeecele kedeepeS~
If R is a ring such that a2 =a" al R, then
show that each element of R has its own
additive inverse.
Ueo Jeuele R Fme ekeiej me n ekeb a2 =a” al R, It
OMeeFUe eked JeusUe kede lelUeked Dedelede mdeUe — Useple
leeleugece n~
Prove that the multiplicative inverse of a
non-zero element of a field is unique.
emece keieepeS ehed Shed #ede ked Sked DeMevUe DeleUele hede
ieCepe feeleusece DesElecUe nelee n~
Prove that the intersection of two sub-
spaces of a vector space V(F) is also a
subspace of V(F).
emeee kedeepeS eked Sked meeoMe mecee® V(F) ked oe
Ghemecee = Uee kede TeeledUove Yee \/(F) kede Sked Ghemecee®
nelee n~
Show that the vectors (1, 2,1), (2,1,0),
(1,-1, 2) form a basis of R®.
OMeeFS eked meeoMe (2, 2,1), (2,1,0), (1,1, 2)
R3 keie Sked DeeOeej eveecele kedjle n~

P.T.O.
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(b)

(8)

(i) if a,bl F and a is a non zero ele-
ment of V.
Ueo a,bT F leLee a, V kede Sked DeMevle DeJeUele
ne lee
aa=bab a=b.

(i) if a,bl V and a is a non-zero ele-
ment of F,
Ueo a, b1 Vv leLee a, F keie Sted DeMevUe DeJeUele
ne lee,

aa=abb a=b.
If V is a finite dimensional vector space,
then show that any two bases of V have
the same number of elements.
Useo Vv Sked hejecele edeceele meeole mecee™ ne lee obeeFUe
ket V/ ked kedeF o DeeQeeje ce DedeUedee kede meKUse meceeve

nelee n~

If w, and w, are finite-dimensional subspaces

of vector space V, then prove that :

Ueeo w, lelee w, meeoMle mecee™ Vv heke heeecele-eleceelie Ghe

mecee ™ Uee e lee emece keieepele ched -

dim (w, +w,) =dimw,_ +dimw, — dim(w; Cw,).

(b)
4. (a)

(b)
5. (@)
S-669

()

If H is a normal subgroup of a group G,
then prove that the quotient set G/H of
all the right cosets of H in G form a group
under the composition defined by (Ha)
(Hb) = Hab.
Useo H ekeimee mecen G kede Sked emeeceevle Glemecen ne lee
anece kedeepeS eked G ce H ke meYee Oe#eCe menmecellee kede
aleYeeie mecelle G/H, (Ha) (Hb)=Hab Etje feej Yesele
mepeilke ki meehede Skeb mecen eveecele keijlee n~
Unit- 11 4/7%
FhedeF - 11
State and prove Cayley Theorem.
fedue kede TeceUe kede keiLeve kedjle nUe emeee KedeepeS~
If f is a homomorphism of a group G into
a group G’ with Kernel K, then prove that
K is a normal subgroup of G.
Ueo f cheimee mecen G kel G* e Sked meceekedeelee n
epemekede Dee K ne lee emeae kedeepeS eked K, G lede Sked
lemesceevUe Ghemecen nelee n~
Let H be a normal subgroup of a group G
and f : G ® G/H be a map defined by
f(x)=Hx " xI G. Then prove that f is a
homomorphism of G onto G/H with H as
a Kernel of f.

P.T.O.
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(b)

€Y

(6)

cesve Ueeepele eked H ekeimes mecen G kede femesceevUe Ghemecen
nlele f: G ® G/H , Sked leeleeledeCe n pee
f(x)= Hx " xT G Etje heejYesecele n~ emeae kedepeS
tked £, G kede G/H bej DeelUeoked meceskedee lee n epemelede
Dee® H n~
Define internal direct product of the sub-
groups H, i=1,2,...,nofagroup G. Prove
that if G is the internal direct product of
subgroups H,, H,, .., H_, then each gi G
can be uniquely written as g=h_, h,...h_
where h1 H, (i=1,...,n).
Sked mecen G kb Ghemecene H,, i=1, 2, ..., n ki
Deevleegked Deveueece ieCeve kede feej Yeeecele emeee
leieepeS ele Ueeo G Ghemecene H,, ..., H_ lefe Deevleejied
Deveugece ieCeve ne lee (elUeked gT G kede DesElesle mbe
g = h,h,...h_ct eueKee pee mekedlee n- pene
hiH @(=1,...,n).

Unit- 111

FheeF - 111

Prove that a non-empty subset S of a

4/7%

ring R is a subring of R if and only if :
emece hedeepeS ehed JeueUe R kede Sked Deejoed Ghemecelle
S, R lede Skeh GhedeueUe leYee Deej leVee neiee peye
i ablSpa-bls

(i) a bl Spabls

(b)
7. (a)
(b)
8. (a)
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(7)
Prove that every finite integral domain is
a field.
emece hedeepeS OelUeked Peejecele heCosekedle
nelee n~

Sked #ede

Let F be a field. Then show that the set
M, (F) of all 2x2 matrices over F forms a
ring under matrix addition and multiplica-
tion. Does M, (F) have zero divisors?
ceevee F Sted #%e n~ lee oMeeFUe eled M (F) pee F fej
meYee 2>2 Deedlene keie mecelle n, Deedlen Useie Sk
ieCeve ked mesfeste Sked JeueUe eveecele kedjles  ~ kelee
M, (F) let Mevle Yeepeled n?
Let f be a homomorphism of a ring R
into a ring R" with Kernel K. Then show
that f(R) is a subring of R" and R/K is
isomorphic to f (R).
ceeve UeeepeS eked £ Jeuele R me JeugUe R* o Dee K hed
meeLe Sked mecekedee lee n~ lee oMeeFUe eked £ (R), R* ke
Sked GheleugUe n leLee R/K, f (R) ked leuleekeieje n~
Unit- 1V 3/7%
FhedeF-1Vv
In a vector space V(F) prove that :
Sked mesolle mecee V(F) ¢ emeae kedeepele

P.T.O.
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