
A (Printed Pages 8)

Roll No. ____________

Note : five 

 No. 1

compulsory

all

S-678
B.A./B.Sc. (Part-III) Examination, 2015

MATHEMATICS

Second Paper

(Abstract Algebra)

Time Allowed : Three Hours ] [ Maximum Marks : 




 →

 →

α α

α

α

α   α

75:.Sc.B

35:.A.B

Answer questions in all, selecting one

question from each unit. Question

is .

1. Attempt  parts : 15/30

(a) Let G be a group of positive real num-

bers under multiplication. Is the mapping

f : G  G, defined by f(x) : x2, on auto-

morphism of G?

G 

f : G  G  f(x)

: x2 G 

(ii) {(1,2), (3,4)}

(b) Define a quadratic form : Let q be a qua-

dratic form on R2 defined by :

(i) q (x
1
,x

2
) = x1

2 + 9x
2
2 + 3x

1
x

2

(ii) q (x
1
,x

2
) = x1

2 + x
1
x

2

Find the symmetric matrix of bilinear form

f corresponding to each q.

q,

R2 

(i) q (x
1
,x

2
) = x1

2 + 9x
2
2 + 3x

1
x

2

(ii) q (x
1
,x

2
) = x1

2 + x
1
x

2

q 

f 

9. (a) State and prove Cauchy-Schwartz in-

equality.

(b) Apply Gram-Schmidt process to the

vectors 
1
=(2,0,1); 

2
 = (3,–1,5);

3
 = (0,4,2); To obtain an orthonormal

basis for R3 with respect to standard in-

ner product.

1
=(2,0,1);

2
 = (3,–1,5); 

3
 = (0,4,2)

R3 

ØelÙeskeâ FkeâeF& mes Skeâ ØeMve Ûegveles ngS, kegâue ØeMveeW kesâ
Gòej oerefpeS~ ØeMve nw~

meYeer KeC[ nue keâerefpeS :

ceevee Oeveelcekeâ JeemleefJekeâ me bKÙeeDeeW keâe iegCeve kesâ
meehes#e mecetn nw~ keäÙee ØeefleefÛe$eCe pees 

, Éeje heefjYeeef<ele nw, keâer mJekeâeefjlee nw?

Skeâ efÉIeeleerÙe meceIeele keâes heefjYeeef<ele keâerefpeS~ ceevee 

hej efÉIeeleerÙe meceIeele nw, pees-

Éeje heefjYeeef<ele nw~ ØelÙeskeâ kesâ meehes#e, efÉ-SkeâIeeleerÙe
meceIeele kesâ meceefcele DeeJÙetn %eele keâerefpeS~

keâe@Meer-MJeepe & Demeefcekeâe keâe keâLeve keâerefpeS SJeb efmeæ
keâere fpeS~

«e ec e- e fMc eš heæ efl e ke âe  m ee foMe e W  
 hej ØeÙeesie keâjkesâ

ceW ceevekeâ DeelebjiegCeve kesâ meehes#e ØemeeceevÙe ueebefyekeâ
DeeOeej %eele keâerefpeS~

heeBÛe 
meb. 1 DeefveJeeÙe& 

(8)
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(b) Show that the normalizer N(a) of the ele-

ment a of a group G, is a subgroup of G.

G a 

N(a) G 

(c) State the Eisenstein criterion for the irre-

ducibility of a polynomial with integral co-

efficients over the rationals. Discuss with

an example.

(d) Distinguish between a subring and Ideal

of a ring.

(e) What do you mean by a Simple group?

Explain with two examples.

(f) If F is a field, Prove that its only ideals are

(D) and F itself.

F (D)

F F 

(g) Determine whether :

{(1,3,–4), (1, 4, –3) (2, 3, –11)} is a

basis of IR3 or not.

(b) Let T : R3  R3 be linear operator de-

fined by :

T(x,y,z) = (3x+z, –2x+y, –x + 2y + 4z)

Find the matrix of T, with respect to stan-

dard basis

T : R3  R3 

T(x,y,z) = (3x+z, –2x+y, –x + 2y + 4z)

T 

5/12

8. (a) Define a bilinear form. Let f be a bilinear

form on R2 defined by :

f [(x
1
, y

1
), (x

2
, y

2
)] = x

1
y

1
 + x

2
y

2

Find the matrix of f in each of the follow-

ing bases :

(i) {(1,0), (0,1)}

(ii) {(1,2), (3,4)}

R2 f

f [(x
1
, y

1
), (x

2
, y

2
)] = x

1
y

1
 + x

2
y

2

f 

(i) {(1,0), (0,1)}

oMee&FÙes efkeâ mecetn ke sâ DeJeÙeJe keâe ØemeeceevÙekeâ
 mecetn keâe Ghemecetn nw?

hetCeeËkeâ iegCeebkeâeW kesâ yengheo keâe heefjcesÙeeW hej DeKeC[veerÙe
nesves keâe DeeF&mesvmešerve keâmeewšer keâe keâLeve keâerefpeS~ GoenjCe
meefnle mhe° keâerefpeS~

JeueÙe kesâ GheJeueÙe Deewj iegCepeeJeueer ceW Devlej      keâerefpeS~

meeOeejCe mecetn mes Deehekeâe keäÙee leelheÙe& nw? oes GoenjCeeW
meefnle JÙeeKÙee keâerefpeS~

Ùeefo Skeâ #es$e nw, lees efmeæ keâerefpeS efkeâ kesâJeue 

Deewj mJeÙeb ner keâer iegCepeeJeefueÙeeB nw~

ceevee efkeâ Skeâ jwefKekeâ mebkeâejkeâ nw, pees

Éeje heefjYeeef<ele nw~ ceevekeâ DeeOeej kesâ meehes#e keâe
DeeJÙetn %eele keâerefpeS~

efÉ-SkeâIeeleerÙe meceIeele keâes heefjYeeef<ele keâerefpeS~ ceevee

hej Skeâ efÉ-Skeâ IeeleerÙe meceIeele  :

Éeje heefjYeeef<ele nw~ keâe DeeJÙetn, efvecve DeeOeejeW hej %eele
keâere fpeS -

(2) (7)
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4. (a) Prove that an Ideal A = (a
0
) is a maximial

ideal of the Euclidean ring R if and only if

a
0
 is a prime element of R.

R 

A = (a
0
) a

0
, R

(b) If R be a Euclidean Ring and Rb,a , If

0b , is not a unit in R, then show that

d(a) < d(ab)

R Rb,a

0b  R 

d(a) < d(ab)

5. (a) If f(x) and g(x) are two non-zero ele-

ments of F[x] then show that :

f(x) g(x) F[x]

deg (f(x).g(x)) = deg(f(x)) + deg (g(x)),

for f(x), g(x)  R[x] .

(b) State and prove fundamental theorem on

homomorphism of rings.

T–1, W V 

5/11

2. (a) State and prove Sylow's second theo-

rem.

(b) Let G be a group and O(G) = pn, where p

is a prime number. Then show that cen-

tre }e{)G(Z .

G O(G) = pn p 

}e{)G(Z

3. (a) Prove that the group of inner automor-

phism of a group G is a normal subgroup

of the group of automorphism of G.

G 

G 

(b) Prove that the conjugacy relation is an

equivalence relation on a group G.

G 

FkeâeF&

FkeâeF&

efmeæ keâerefpeS efkeâ Skeâ Ùetkeäueeref[Ùeve JeueÙe ceW iegCepeeJeueer

 GefÛÛe‰ nw, Ùeefo Deewj kesâJeue Ùeefo keâe
DeYeepÙe DeJeÙeJe nw~

ceevee Skeâ Ùetkeäueeref[Ùeve JeueÙe nw, Deewj  nw,
Ùeefo , ceW Øeefleueesceer vener nw, lees oMee&FÙes efkeâ

 nw~

Ùeefo  Deewj  oes DeMetvÙe  kesâ DeJeÙeJe nw lees
efmeæ keâerefpeS :

JeueÙe meceekeâeefjlee keâer cetue ØecesÙe keâe keâLeve keâerefpeS SJeb

efmeæ keâerefpeS~

nw, lees efoKeeFS  efkeâ mes ceW DeeÛÚeokeâ jwefKekeâ

¤heevlejCe nw~

meeruee s kesâ efÉlee rÙe ØecesÙe keâe keâLeve keâerefpeS leLee efmeæ

keâere fpeS~

ceevee Skeâ mecetn nw leLee nw, peneB Skeâ

D eY e ep Ùe m e bKÙe e n w~  l e y e  oMe e &FÙe s  e f k e â  k e s â võ

nw~

efmeæ keâerefpeS efkeâ mecetn keâe Deevleefjkeâ mJeekeâeefjlee

mecetn kesâ mJeekeâeefjlee mecetn keâe ØemeeceevÙe Ghemecetn nw~

efmeæ keâerefpeS efkeâ mebÙegiceer mecyevOe, mecetn hej leguÙelee

mecyevOe nw~

∈

≠

∈

≠

∈

≠

≠

(4) (5)
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6. (a) If w be a subspace of finite-dimensional

vector space V(F), then show that

dim (v/w) = dim V – dim W

w V(F)

dim (v/w) = dim V – dim W

(b) Show that the vectors :

1
 = (1,1,0,0), 

2
 = (0,0,1,1)

3
 = (1,0,0,4), 

4
 = (0,0,0,2)

form a basis of R4.

1
 = (1,1,0,0), 

2
 = (0,0,1,1)

3
 = (1,0,0,4), 

4
 = (0,0,0,2)

R4 

7. (a) Let V(F) and W(F) be finite dimensional

vector spaces and T : V  W be linear

transformation. Prove that

rank (T) + nullity (T) = dim V.

V(F) W(F)

 T : V  W 

rank (T) + nullity (T) = dim V

{(1,3,–4), (1, 4, –3) (2, 3, –11)} IR3

(h) Find the characteristic values of the lin-

ear operator T on IR3, defined by

T(x
1
,x

2
,x

3
) =

(3x
1
+2x

2
+2x

3
, x

1
+2x

2
+2x

3
,–x

1
 – x

2
)

IR3 T

T(x
1
,x

2
,x

3
) =

(3x
1
+2x

2
+2x

3
, x

1
+2x

2
+2x

3
,–x

1
 – x

2
)

(i) Find the symmetric bilinear form corre-

sponding to the quadratic form q on R2,

defined by

q (x
1
, x2) = 3x

1
x2 –x2

2

R2 q 

q (x
1
, x2) = 3x

1
x2 –x2

2 

(j) If a linear transformation  T : V  W is

invertable, then show that T–1 is a linear

transformation from W on to V.

T : V  W 

FkeâeF&

Ùeefo heefjefcele efJeceerÙe meefoMe meceef°  keâer Ghemeceef°

nw lees e foKeeFÙes 
:

oMee&FÙes efkeâ meefoMe :

keâe DeeOeej yeveeles nQ~

ceevee  Deewj  heefjefcele efJeceerÙe meefoMe meceef°ÙeeB

nw~ Skeâ jwefKekeâ ¤heevlejCe nw~ efmeæ

keâe refpeS e fkeâ

%eele keâerefpeS efkeâ :

  

keâe DeeOeej nw Ùee veneR~

hej jwefKekeâ mebkeâejkeâ , pees efkeâ

Éeje heefjYeeef<ele nw, kesâ DeefYeuee#eefCekeâ ceeve %eele keâerefpeS~

hej efÉIeeleer meceIeele mes mecyeefvOele efÉSkeâIeeleerÙe

meceefcele meceIeele %eele keâerefpeS, peneB

Éeje heefjYeeef<ele

nw~

Ùeefo Skeâ jwefKekeâ ¤heevlejCe JÙegl›eâceCeerÙe

α α

α α

α α

α α

→

→

→

→
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