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1. Attempt  parts : 10/20

(a) Let /Zd,c,b,a  and n be a fixed positive

integer. If ba (mod n) and dc (mod n),

then show that :

4/7½

2. (a) Prove that the set of all positive rational

numbers, under the composition '*' de-

fined by 
2

ab
b*a  form an infinite abe-

lian group.

2

ab
b*a '*'

(b) If H and K are two subgroups of a group

G, then prove that HK is a subgroup of G

if and only if HK = KH.

H K G 

HK, G 

HK = KH 

3. (a) Prove that the order of each subgroup of

a finite group is a divisor of the order of

the group. Also, show that its converse

is not true.

ØeMve  keâe Gòej oerefpeS leLee ØelÙeskeâ FkeâeF& mes 

ØeMve Ûegveles ngS,  DevÙe ØeMveeW kesâ Gòej oerefpeS~

Yeeie nue keâerefpeS :

efmeæ keâerefpeS efkeâ Oeveelcekeâ heefjcesÙe mebKÙeeDeeW keâe mecegÛÙe,

 Éeje heefjYeeef<ele mebef›eâÙee  kesâ meehes#e

Skeâ Devevle ›eâceefJeefveÙece mecetn keâes efveefce&le keâjlee nw~

Ùeefo leLee mecetn kesâ oes Ghemecetn nes lees oMeeF&Ùes
efkeâ keâe Skeâ Ghemecetn nesiee Ùeefo Deewj kesâJeue Ùeefo

nes~

efmeæ keâerefpeS efkeâ Skeâ heefjefcele mecetn kesâ ØelÙeskeâ Ghemecetn
keâer keâesefš Gmekeâer keâesefš keâe Yeepekeâ nesleer nw~

meb.1 Skeâ

Ûeej

meYeer 

FkeâeF& 
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ceeve ueerefpeS efkeâ leLee Skeâ efveÙele Oeveelcekeâ

hetCeeËkeâ nw~ Ùeefo  leLee
nes lees oMee&FÙes efkeâ

ceeve ueerefpeS  Skeâ mecetn nw~ lees efmeæ keâerefpeÙes
efkeâ :

mecetn kesâ DeJeÙeJe keâer keâesefš keâer heefjYee<ee           iegefCele

mecetn  kesâ ØelÙeskeâ DeJeÙeJe keâer keâese fš %eele

keâerefpeS~ keäÙee Ùen mecetn Ûe›eâerÙe nw?

Heâjcee@ keâer ØecesÙe keâe ØeÙeesie keâjles ngÙes DeJeMes<e

%eele keâerefpeS peye 9107 keâes 11 mes Yeeie efoÙee peelee nw~

efvecve ›eâceÛeÙe keâe Øeefleueesce %eele keâerefpeS :

oes mecetneW kesâ yee¢eefo° iegCeve keâes heefjYeeef<ele keâerefpeS~

Ùeefo JeueÙe Fme Øekeâej mes nw efkeâ , lees

oMee&FÙes efkeâ JeueÙe keâe ØelÙeskeâ DeJeÙeJe mJeÙeb      ÙeespÙe

Øeefleueesce nw~

efmeæ keâerefpeS efkeâ Skeâ #es$e kesâ Skeâ DeMetvÙe DeJeÙeJe keâe

iegCepe Øeefleueesce DeefÉleerÙe neslee nw~

efmeæ keâe refpeS efkeâ Skeâ meefoMe mecee f°  kesâ oe s

Ghemeceef°ÙeeW keâe ØeefleÛÚsove Yeer  keâe Skeâ Ghemeceef°

neslee nw~

oMee&FS efkeâ meefoMe 

keâe Skeâ DeeOeej efveefce&le keâjles nQ~

/Zd,c,b,a n 

ba (mod n) dc (mod n)

(i) )n(moddbca

(ii) )n(modbdac .

(b) Let (G, *) be a group. Then prove that :

(G, *)

.Gb,aa*b)b*a( 1–1–1–

(c) Define the order of an element of a group.

Find the order of each element of a mul-

tiplicative group {1,w,w2}. Is this group

cyclic?

{1,w,w2}

(d) Find the remainder when 9107 is divided

by 11, using Fermat's theorem.

(Fermat) 

(e) Find the inverse of the permutation :

2431

4321

(f) Define external direct product of two

groups.

(g) If R is a ring such that Raaa2 , then

show that each element of R has its own

additive inverse.

R Raaa2

(h) Prove that the multiplicative inverse of a

non-zero element of a field is unique.

(i) Prove that the intersection of two sub-

spaces of a vector space V(F) is also a

subspace of V(F).

V(F)

V(F)

(j) Show that the vectors (1, 2,1), (2,1,0),

(1,–1, 2) form a basis of R3.

(1, 2,1), (2,1,0), (1,–1, 2)

R3 
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(b) If H is a normal subgroup of a group G,

then prove that the quotient set G/H of

all the right cosets of H in G form a group

under the composition defined by (Ha)

(Hb) = Hab.

H G 

G H 

G/H, (Ha) (Hb)=Hab 

4/7½

4. (a) State and prove Cayley Theorem.

(b) If f is a homomorphism of a group G into

a group G' with Kernel K, then prove that

K is a normal subgroup of G.

f G G'

 K K, G 

5. (a) Let H be a normal subgroup of a group G

and f : G  G/H be a map defined by

GxHx)x(f . Then prove that f is a

homomorphism of G onto G/H with H as

a Kernel of f.

(i) if Fb,a  and  is a non zero ele-

ment of V.

Fb,a V 

baba .

(ii) if V,  and a is a non-zero ele-

ment of F,

V, a, F 

aa .

(b) If V is a finite dimensional vector space,

then show that any two bases of V have

the same number of elements.

V 

V 

9. If w
1
 and w

2
 are finite-dimensional subspaces

of vector space V, then prove that :

w
1 

w
2

V 

dim (w
1
+w

2
) = dim w

1
+dimw

2
 – )ww(dim 21 .

Ùeefo efkeâmeer mecetn keâe Skeâ ØemeeceevÙe Ghemecetn nes lees

efmeæ  keâerefpeS efkeâ ceW kesâ meYeer oef#eCe menmecegÛÙeeW keâe

efJeYeeie mecegÛÙe Éeje heefjYeeef<ele

me bef›eâÙee kesâ meehes#e Skeâ mecetn efveefce&le keâjlee nw~

kewâues keâer ØecesÙe keâe keâLeve keâjles ngÙes efmeæ keâerefpeS~

Ùeefo  efkeâmeer mecetn  keâe  ceW Skeâ meceekeâeefjlee nw

efpemekeâer Deef° nes lees efmeæ keâerefpeS efkeâ keâe Skeâ
ØemeeceevÙe Ghemecetn neslee nw~

Ùeefo  leLee keâe Skeâ DeMetvÙe DeJeÙeJe
nes lees

Ùeefo  leLee keâe Skeâ DeMetvÙe DeJeÙeJe
nes lees,

Ùeefo Skeâ heefjefcele efJeceerÙe meefoMe meceef° nes lees oMee&FÙes

efkeâ kesâ keâesF& oes DeeOeejeW ceW DeJeÙeJeeW keâer mebKÙee meceeve

nesleer nw~

Ùeefo leLee meefoMe meceef° keâer heefjefcele-efJeceerÙe Ghe

meceef°Ùeeb nes lees efmeæ keâerefpeÙes efkeâ :

Unit - II

- II   FkeâeF& 

→

∈∀=

∈ α

∈ α, 

=⇒α=α

∈βα

∈βα  

β=α⇒β=α

∩

(8) (5)
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ceeve ueerefpeÙes efkeâ efkeâmeer mecetn keâe ØemeeceevÙe Ghemecetn
nw leLee , Skeâ Øee flee fÛe$eCe nw pee s

 Éeje heefjYeeef<ele nw~ efmeæ keâerefpeS
efkeâ keâe hej DeeÛÚeokeâ meceekeâeefjlee nw efpemekeâer
Deef° nw~

Skeâ mecetn kesâ GhemecetneW ke sâ
Deevleefjkeâ Devegueesce iegCeve keâes heefjYeeef<ele             efmeæ
keâerefpeS efkeâ Ùeefo GhemecetneW keâe Deevleefjkeâ
Devegueesce iegCeve nes lees ØelÙeskeâ  keâes DeefÉleerÙe ¤he

ce W efueKee pee mekeâlee nw peneB

efmeæ keâerefpeS efkeâ JeueÙe keâe Skeâ Deefjòeâ GhemecegÛÙe
keâe Skeâ GheJeueÙe leYeer Deewj leYeer nesiee peye :

efmeæ keâerefpeS ØelÙeskeâ heefjefcele hetCeeËefkeâle        Skeâ #es$e
neslee nw~

ceevee Skeâ #es$e nw~ lees oMee&FÙes efkeâ  pees hej

meYeer DeeJÙetneW keâe mecegÛÙe nw, DeeJÙetn Ùeesie SJeb

ie gCeve kesâ meehes#e Skeâ JeueÙe efveefce&le keâjlee  w~ ke äÙee

 kesâ MetvÙe Yeepekeâ nQ?

ceeve ueerefpeS efkeâ JeueÙe mes JeueÙe ceW Deef° kesâ

meeLe Skeâ meceekeâeefjlee nw~ lees oMee&FÙes efkeâ ,  keâe
Skeâ GheJeueÙe nw leLee kesâ leguÙeekeâejer nw~

Skeâ meefoMe meceef°  ceW efmeæ keâerefpeÙes :

H G 

f : G  G/H 

GxHx)x(f

f, G G/H 

H 

(b) Define internal direct product of the sub-

groups Hi, i=1, 2, ..., n of a group G. Prove

that if G is the internal direct product of

subgroups H
1
, H

2
, .., H

n
, then each Gg

can be uniquely written as g=h
1
, h

2
...h

n

where ).n,...,1i(Hh ii

G Hi, i=1, 2, ..., n 

G H
1
, ..., H

n

Gg

g = h
1
,h

2
...h

n

).n,...,1i(Hh ii

4/7½

6. (a) Prove that a non-empty subset S of a

ring R is a subring of R if and only if :

R 

S, R  

(i) SbaSb,a

(ii) SbaSb,a

(b) Prove that every finite integral domain is

a field.

7. (a) Let F be a field. Then show that the set

M
2
(F) of all 2×2 matrices over F forms a

ring under matrix addition and multiplica-

tion. Does M
2
(F) have zero divisors?

F M
2
(F) F 

2×2 

M
2
(F)

(b) Let  be a homomorphism of a ring R

into a ring R' with Kernel K. Then show

that (R) is a subring of R' and R/K is

isomorphic to  (R).

R R' K 

(R) R'

R/K,  (R) 

3/7½

8. (a) In a vector space V(F) prove that :

V(F)

→

∈∀=

∈

=∈

∈

=∈

∈−⇒∈

∈⇒∈

φ

φ

φ

φ 

φ

φ

Unit - III

- III

Unit - IV

-IV

FkeâeF& 

FkeâeF&

(6) (7)
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